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1 Introduction 

An important goal of theoretical physics is the algorithmic compression of nature to a set of 
fundamental laws. This means that a minimal description is sought that encodes a maximum of 
information about our universe. At the current state of knowledge, this description is in terms 
of the standard model of elementary particles and Einstein gravity, as well as initial conditions 
and parameters. Although many models used in other areas of physics are not derived from those 
fundamental theories, in principle such a derivation should nevertheless be possible. 

The standard model is a quantum field theory that describes electromagnetism, the weak and 
the strong force, organised by the principle of gauge invariance. The latter arises from making 
the formulation manifestly Lorentz invariant which requires the introduction of extra non-physical 
degrees of freedom. Consequently there are many representations of the same physical state, which 
are related by so-called gauge transformations. Gauge transformations can be identified with Lie 
groups having space-time dependent parameters and form the internal symmetry group of the 
standard model, the group U(l) x SU(2) x SU(3), corresponding to quantum electrodynamics 
(qed) describing photons, the weak interaction, whose gauge fields are the W and Z bosons 
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responsible for the /3 decay, and quantum chromodynamics (QCD), the theory of the strong force, 
which describes the; constituents of hadrons hkc the proton and the neutron. 

We shall first have a closer look at QED, which is a remarkably successful theory, confirmed to an 
incredible accuracy of up to 10~^^ over the past decades. Since a rigorous treatment of interacting 
quantum field theories is difficult, an important reason for this success is the possibility to treat 
QED perturbatively. In perturbation theory a theory is effectively split into a solvable part; e.g. a 
free theory, and the remainder that renders the theory unsolvable; e.g. the interaction terms. 
Assuming that the solutions of the free theory are only slightly modified by the presence of the 
additional interaction terms allows an expansion in the coupling constant. However this expansion 
is not a true series expansion since the coupling constants themselves need to be modified during 
the expansion by a procedure called renormalisation to absorb infinite contributions arising from 
the interplay of the quantisation procedure and perturbation theory. Theories allowing to absorb 
these infinities in a finite number of parameters are called renormalisable and can be treated 
perturbatively in a well defined manner. 

There are basically two points where this strategy can fail and interestingly both have a con- 
nection to string theory as will be seen later. 

The first problem arises when trying to tackle non-renormalisable theories like gravity. Each 
order of perturbation theory then produces a growing number of coupling constants that destroy 
the predictive power of the theory. This can either be interpreted as there being something 
wrong with the quantisation procedure assuming that gravity has some miraculous ultraviolet 
(uv) behaviour that is merely poorly understood or that Einstein gravity is just an effective field 
theory that breaks down when leaving its regime of validity (at the order of the Planck mass 
mp w 10^*^ GcV) and a more fundamental theory is required. 

In the spirit of the introductory remarks at the beginning, such a "more fundamental" theory, 
from which also the standard model of elementary particles should be derived, is a natural goal, 
which unfortunately seems to be currently out of reach. However there exists at least a candidate 
theory that consistently quantises gravity and at the same time incorporates gauge theories similar 
to the standard model, namely superstring theory. Entertainingly this extremely remarkable 
feature was not what led to its discovery and it is also not the feature central to this thesis, which 
shall be explicated in the foUowings. 

The second problem of perturbation theory arises from the phenomenon of running gauge 
couplings, a result though not a consequence — of renormalisation. It is the statement that the 
strength of the interaction and thus the validity of perturbation theory depends on the energy 
scale. While the electroweak force has small coupling constants at low energies, which become 
large when going to higher energies, the opposite is true for QCD, which is asymptotically free. 
For small energies QCD exhibits a phase transition, the confinement, that effectively screens the 
theory's fundamental particles, the quarks and gluons, from the dynamics by creating bound states 
of vanishing colour charge: hadrons. In that sense QCD is an accelerator theory that can only be 
observed at high energies, although there is very strong evidence from lattice calculations that 
QCD is also the correct theory for low energies where ordinary perturbation theory is not applicable 
and the dominating degrees of freedom arc better recast in an effective field theory. However a 
better understanding of the low-energy dynamics of QCD and confinement is still sought after. 

Before the break-through of QCD there was another candidate theory for the strong interaction, 
which could reproduce certain relations in the spectra of low energy hadron physics: string theory. 

String theory describes particles as oscillation modes of strings that propagate through space- 
time, joining and splitting along their way, thus sweeping out a two-dimensional surface, the 
world-sheet. The action of a string is that of an idealised soap film; i.e. proportional to the area 
of the world sheet. Another interesting feature of the low energy dynamics of hadrons is the 
formation of flux tubes between quarks, which are also string like and even though nowadays 
perfectly understandable from a pure QCD point of view seemed to hint at a connection between 
string theory and hadron physics. As will be seen later this connection does indeed exist in the 
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form of the 't Hooft large Nc expansion [2] , which was born in an attempt to find a small parameter 
for perturbative calculations in the strong coupling regime. The basic idea is to look at SU(A'c) 
Yang-Mills theories, where Nc is the number of colours,^ and perform an expansion in This 
implies at leading order the 't Hooft limit Nc oo, where additionally A := gyM-^c is kept fixed, 
with gYM the Yang-Mills coupling constant. This particular choice is motivated by keeping the 
strong coupling scale Aqcd constant in a perturbative calculation of the (3 function. In a double 
line notation, the diagrams associated to each order in can be seen to give rise to a topological 
expansion, which can be interpreted as a triangulation of two dimensional manifolds, the string 
world sheets in a genus expansion. While this triangulation is not understood in detail — see [3] 
for recent approaches to this important point — there is nevertheless a map between a particular 
gauge theory and string theory in a certain background. 

This map, tested by a large number of highly non-trivial checks, is Maldacena^s conjecture [4] 
of AdS / CFT correspondence. In its boldest form, it is the statement that A/" = 4 super- Yang-Mills 
(SYM) theory, which is a conformal field theory (cft) is dual to (quantised) type IIB string theory 
on AdSs X S^. By "dual" the existence of a map is meant that identifies correlation functions 
of both theories, thus rendering them actually two different pictures of the same theory. The 
details will be reviewed in Chapter 2. For now it is sufficient to remark that string theory in that 
particular background is still ill-understood, but that there are limits in which things are better 
under control. In the string loop expansion, each hole in the world sheet comes with a factor of 
gs , while in a similar gauge theory Feynman diagram each hole corresponds to a closed loop and is 
therefore accompanied by a factor of gyM ■ This naive analysis allows to identify gyj^.j = gs , which 
therefore go to zero simultaneously in the 't Hooft limit, demonstrating that the expansion 
corresponds to a genus expansion of the string world sheet. 

From the construction of the AdSs x background in type IIB supergravity (SUGRA) theory, 
which is the small curvature, low energy limit of type IIB superstring theory, it is possible to 
derive the relation (j-) ~ A, where L is the respective curvature radius of the anti-de Sitter space 
(AdSs) and the five-sphere (S^), and £s — Vf^ is the string length. 

Therefore, the limit of small curvature L ^ £s, where type IIB supergravity on AdSs x is 
a good approximation of the corresponding string theory, is dual to taking A large in the field 
theory. Because A takes over the role of the coupling constant in the large Nc limit, with A <C 1 
the perturbative regime, the duality relates said supergravity theory to strongly coupled M = A 
SYM theory in the large Nc limit. Since the discovery of the actual mapping prescription between 
correlators on both sides of the correspondence [5, 6], a plethora of non-trivial checks have been 
performed [7, 8, 9, 10, 11], that did not only extend the correspondence to less symmetric regimes 
but also provided overwhelming evidence that the conjecture actually holds true. 

This thesis is devoted to studying the coupling between supergravity (sUGRA) theories and 
quantum field theories. Although the idea was revived by the discovery of AdS/CFT duality, where 
this coupling is realised holographically, that is between a four and a five dimensional theory, it has 
also been considered earlier in the context of space-time dependent coupling constants [12, 13, 14]. 

In the first part of this thesis several aspects of AdS/CFT correspondence will be discussed, 
while the second part uses the idea of space-time dependent couplings to analyse the conformal 
anomaly in super- Yang-Mills theories coupled to minimal supergravity. 

Since at a first glance these two subjects seem rather unrelated, I would like to linger on a 
bit on the question of what the two topics have in common before continuing the introduction to 
those two parts. 

The idea of space-time dependent couplings is to promote coupling constants to (external) 
fields. Generically the coupling takes the form / d'^xJO^ where J acts as a source for the 
operator O. A particularly important example for such a source/operator pair is the metric and 



^ For Nc = 3 this describes the pure glue part of QCD. 
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the energy-momentum tensor, which couple according to 



such that allowing coordinate dependence 5™" — g™^{x) amounts to coupling the quantum field 
theory to a (classical) gravity background — or a supergravity background for supersymmetric 
quantum field theories. Invariance of the action under diff'eomorphisms 5g"^^ = Cyg"^" im- 
plies V"^Tmn = 0, while from Weyl invariance {5g™" = 2ag™'") one may conclude = 0. 
When quantum effects destroy the Weyl symmetry of a classical theory, the trace of the energy- 
momentum tensor does not vanish anymore. It is said to have an anomaly: the Weyl or trace 
anomaly, which is a standard example of a quantum anomaly. More will be said about it below. 

For now let us have a look at the coupling of quantum field field theories to supergravity from 
the AdS/CFT point of view. In the AdS/CFT correspondence, the prescription for the calculation 
of CFT correlators in terms of SUGRA fields is given by 

(exp / =exp{-^suGRA[<^]} 



<^(aAdS)=()i(«), 

where the right hand side is the generating functional of the classical supergravity theory, which 
is evaluated with its fields cj) determined by their equations of motion and their boundary values 
(/-(°) that appear as sources for field theory operators in the CFT. 

Much of the excitement about the AdS /CFT duality came from the prospect of gaining insight 
into the strong coupling regime of Yang-Mills (ym) theories and QCD. Both A/" = 4 SYM and type 
IIB SUGRA are (almost) entirely determined by their large symmetry group, namely SU(2,2|4). 
For the mapping of operators on both sides, this is a beautiful feature, but non-supersymmetric 
YM has a much smaller field content and the problem arises how to get rid of the extra fields. 
Furthermore to describe QCD quarks are needed but M = A SYM contains only one hypermultiplet 
whose gauge field forces its adjoint representation on all other fields. 

The conformal group SO (2, 4) of the CFT corresponds to the isometry group of AdSs. Similarly 
the SU(4)fl group is matched by the SO (6) isometry group of the S^. Therefore a less super- 
symmetric CFT will be dual to a SUGRA on AdSs x M^, where M^ is a suitable less symmetric 
manifold. Unfortunately the operator map relies heavily upon the field theory operators being 
uniquely determined by their transformational behaviour under the global symmetry groups, such 
that reducing the symmetry implies making the correspondence less precise. This is especially 
true when also giving up the conformal symmetry in order to obtain discrete mass spectra. 

Therefore the strategy employed in this thesis will be to describe theories that are very symmet- 
ric in the UV but are relevantly deformed and fiow to a less symmetric, phenomenologically more 
interesting non-conformal infrared (ir) theory. This allows to still use the established AdS/CFT 
correspondence while at the same time capturing interesting IR physics. 

Such a renormalisation group (RG) flow is represented by a supergravity solution that ap- 
proaches an AdS geometry only towards the boundary, it is asymptotically AdS. The interior of the 
deformed space corresponds to the field theoretic IR. The interpretation of the radial direction of 
the (deformed) AdS space as the energy scale can be easily seen from considering dilations of the 
boundary theory. Since the boundary theory is conformal such a dilation should leave the action 
invariant. To achieve the same in the SUGRA theory, the radial direction has to transform as an 
energy to cancel in the metric the transformation of the coordinates parallel to the boundary. The 
interpretation of the radial direction as the renormalisation scale was introduced in [15, 16] and 
has been used for a number of checks of the AdS / CFT duality, for example calculation of the ratio 
of the conformal anomaly at the fixed points of holographic RG flows [7, 17], which coincides with 
field theory predictions. 
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An important step towards a holographic description of QCD is the introduction of fundamental 
fields into the correspondence. The first realisation of such a theory was a string theory in an 
AdSs X S^/Z2 background where a number of D7 branes wrapped the %2 orientifold plane with 
geometry AdSs x [18, 19], which is dual to an A/" = 2 Sp(A^c) gauge theory. As was realised 
by [20], a similar scenario of probe D7-branes wrapping a contractible in AdSs x leads to 
a consistent description of an A/" = 2 SU(A''c) theory, since a contractible S'^ does not give rise 
to a tadpole requiring cancellation, nor to an unstable tachyonic mode due to the Breitenlohner- 
Preedman bound [21]. (Further extensions of AdS/CFT using D7 branes to include quarks have 
been presented in [22, 23, 24, 25, 26, 27, 28, 29].^) The fuU string picture is that of a D3-brane 
stack, whose near horizon geometry gives rise to an AdSs x space, probed by parallel D7-branes 
wrapping and completely filling an AdSs x S^ geometry. The strings connecting the two stacks 
give rise to an A/" = 2 hypcrmultiplet in the fundamental representation. The resulting field theory 
is conformal as long as the two brane stacks coincide. In this case the setup preserves an S0(4) x 
S0(2) subgroup of the original S0(6) isometry, which is dual to an SU(2)i x SU(2)fl^ x V>{\)r 
subgroup of the SU(4)ij. 

Separating the two stacks introduces a quark mass and breaks conformal symmetry as well as 
the S0(2) ~ Vi(\)b. symmetry. Consequently the induced geometry on the D7-branes becomes only 
asymptotically AdSs. At the same time, the S'^ starts to slip of the internal S^ when approaching 
the interior of the AdSs and shrinks to zero size. At that point the quarks decouple from the IR 
dynamics and the D7-brane seems to end from a five dimensional point of view. By solving the 
Dirac-Born-Infeld (dbi) equations of motion for the fluctuations of the D7 branes about their 
embedding the meson spectrum can be determined [24]. The setup is reviewed in more detail in 
Chapter 3. 

In Chapter 4, I discuss how to combine the ideas laid out above, that is to consider probe 
D7-branes in background geometries that only approach AdSs x S^ asymptotically. The specific 
geometry under consideration is that of a dilaton flow by Kehagias-Sfetsos and Gubser [39, 40], 
which preserves an S0(1, 3) x S0(6) isometry while breaking conformal invariance and supersym- 
metry, thereby allowing chiral symmetry breaking by the formation of a bilinear quark condensate. 

In the framework of AdS/CFT correspondence all supergravity fields encode two field theoretic 
quantities, a source and a vacuum expectation value (VEV). The embedding of a probe D7-brane is 
determined by a scalar field arising from the puUback of the ambient metric to the world volume of 
the brane. Solving the equation of motion for this scalar field <& yields the following UV behaviour, 

where p is the radial coordinate of the AdS space, whose boundary is approached for p ^ oo. 

Extending the solution to the interior of the space, it turns out that generic combinations of the 
quark mass rriq and the chiral condensate (V'V') do not produce solutions that have a reasonable 
interpretation as a field theoretic flow; i.e. are expressible as a function of the energy scale p. I 
demonstrate that this requirement is sufhcient to completely fix the condensate as a function of 
the quark mass. In the limit of vanishing quark mass there is a non-vanishing bilinear quark VEV 
indicating that the background is indeed a holographic description of spontaneous chiral symmetry 
breaking. 

I then determine the mass of the lowest scalar, pseudoscalar and vector meson by calculating the 
fluctuations about the embedding solutions. Since the equations of motion for the D7 embedding in 
the deformed background could only be solved numerically, the same holds true for the fluctuations 
about these vacuum solutions. Still the spectrum is well understood because it approaches the 
analytic solutions of the supersymmetric case in the limit of large quark mass. This is to be 
expected since for larger quark mass, the corresponding mesons decouple from the dynamics at 



^ Related models involving other brane setups may be found in [30, 31, 32, 33, 34, 35, 36, 37, 38]. 
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high energies where supersymmetry is restored. I show that in the hniit of vanishing quark mass, 
where chiral symmetry is broken spontaneously, the pseudoscalar meson becomes massless and is 
therefore a Goldstone boson for the axial symmetry. For small quark mass rrig, the mass of the 
Goldstone mode essentially behaves like ^prriq in accordance with predictions from effective field 
theory. 

Moreover I discuss the spectrum of highly radially excited mesons (as opposed to excitations on 
the S"^, which are not in mutually same representations of SU(2)i x SU(2)i^). It is explained why 
in this holographic setup (as in many others [41]) the field theoretic expectation [42, 43] of chiral 
symmetry restoration cannot be met. The reason is the infrared being probed more densely in 
the limit of large radial excitations, which also has an interesting effect on the heavy-light spectra 
discussed below. 

In Chapter 5 instead of considering a non-trivial geometry, I discuss the effects of a non- 
trivial gauge field configuration on the branc. The spectrum of N j <^ Nc coincident D7-branes 
is described by a non-Abelian DBI action plus Wess-Zumino term C4 A F A F. Both scalar and 
vector fields on the brane arc now matrix valued. Assuming that the branes are coincident one 
may diagonalisc and obtain effectively Nf copies of the spectrum of a single brane — unless there is 
a contribution from the Wess-Zumino term. This requires to choose a background configuration 
with non-trivial second Chern class; i.e. an instanton solution, which I demonstrate to indeed 
minimise the D7-brane action. 

The string connecting the D7 and D3-branes separated by a distance {2i:a')mq introduces a 
massive A/" = 2 hypermultiplet in the fundamental representation, which contributes the term 
Qi{mq + $3)(3* to the superpotential. Qi and form the fundamental hypermultiplet and $3 is 
the chiral field that is part of the adjoint Af ~ 2 gauge multiplet. The scalar component of <I>3 
is an Nc x Nc matrix. If some of its elements acquire a VEV such that -I- $3 is zero, then the 
corresponding components of the fundamental field may also get a VEV and the theory is on the 
mixed Coulomb-Higgs branch. I show that this Higgs VEV corresponds to the instanton size of 
above background and calculate the spectrum of scalar and vector mesons as a function of the 
Higgs VEV. In the limit of vanishing Higgs VEV I reproduce the analytic spectrum of the SU(A'c) 
gauge theory. Not surprisingly there is a sense in which the spectrum of an infinitely large Higgs 
VEV is equivalent since it belongs to an SU(iVc — 1) gauge theory. I show that this equivalence 
holds only up to a non-trivial rearrangement of the spectrum by a singular gauge transformation.'^ 

In Chapter 6 mesons consisting of a light and a heavy quark are discussed. A naive approach 
would be to use the non-Abelian DBI action, where the diagonal elements of the matrix valued 
scalar field now encode a mass and bilinear condensate for each of the corresponding Nf quarks. 
Off-diagonal elements of the embedding solution would contain mass-mixing terms and mixed 
condensates, which one could set to zero for phenomenological reasons. Fluctuations about these 
embeddings would correspond to the ordinary same-quark meson for the diagonal elements and to 
heavy-light mesons for the off-diagonal entries. However the latter are not small with respect to 
the corresponding light quark and expansion of the DBI action to quadratic order is not possible 
anymore. This step however is crucial to obtain an eigenvalue equation for the meson mass. 

The approach chosen here is to find an effective description for heavy-light mesons from the 
Polyakov action of the string stretched between two D7-branes with different separation from 
the D3 branes corresponding to two different quark masses. The separation is assumed to be 
large (that is only one quark is heavy, the light quark is taken massless), such that a semi-classical 
description of this long string is possible. I take the ansatz of a rigid string spanned in the direction 
of the separation of the two branes. The string is not allowed to oscillate or bend but only to 
move along the world volume of the D7s. Then integration over the string length can be carried 
out to obtain an effective point-particle-like action. Its equation of motion is a generalisation of 



After the submission of the thesis, the results obtained in Chapter 5 have been generalized and extended by 
[44] beyond the approximation employed here; see [45] for related earlier works on defect conformal field theories. 
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the Klein-Gordon equation which can be quantised. I evaluate the resulting eigenvalue equation 
for the undeformed AdS background as well as dilaton deformed backgrounds by Gubser and 
Kehagias-Sfetsos [40, 39] and Constable-Myers [46]. 

The heavy-light meson spectrum for both deformed geometries approximates the AdS heavy- 
light spectrum for large quark mass. This behaviour is expected because a large quark mass 
corresponds to the string probing larger parts of the space-time that are approximately AdS. 
At the same time, it can be observed that highly excited mesons converge more slowly to their 
AdS values. Again this is in accordance with previous results of Section 4.8, where it has been 
demonstrated that highly excited mesons probe the IR region of the space time more densely, 
where the deviation from the AdS geometry is large. 

These heavy-light spectra can be used to determine the mass of the B meson by using the 
results of Chapter 4 as well as the experimental values of the Rho and Upsilon meson mass to fix 
the confinement scale and heavy quark mass. The prediction for the B mesons is 20% above the 
experimental value. Since the B mesons are far in the supersymmetric regime of this holographic 
model while at the same time the field theory is strongly coupled at that scale, this level of 
agreement is surprisingly good. 

The AdS/CFT models I considered here describe chiral symmetry breaking, highly excited mes- 
ons, the Higgs branch and heavy-light mesons, respectively. They have in common that they 
are not focused on building a perfect QCD dual, but instead are used to investigate particular 
features of YM theory with matter. The strategy of keeping a connection to standard AdS/CFT 
with flavours worked out and the results show either the qualitative behaviour expected from field 
theoretic and SUGRA considerations or could even be matched quantitatively to analytic results 
in certain limits. 



As already mentioned this thesis consists of two parts. In the first part presented so far various 
aspects of AdS/CFT correspondence have been discussed and a number of models extending the AdS/CFT 
correspondence to theories with fundamental quarks have been developed and explored. The second 
part is devoted to an analysis of the conformal anomaly in super- Yang-Mills theories coupled to minimal 
supergravity in four space-time dimensions. This analysis is aimed at providing building blocks for a 
future generalisation of the two dimensional c-theorem, see below, to four-dimensional supersymmetric 
field theories. 



The conformal anomaly expresses the breaking of conformal invariance in a classically conformal 
field theory by quantum effects. It arises as the trace of the energy-momentum tensor, which — as 
mentioned above — vanishes in a conformally invariant theory, and is also called trace anomaly, 
hence. 

An investigation of the trace anomaly is interesting because of its potential relation to a four 
dimensional version of Zamolodchikov's c-theorem [47]. The c-theorem is a statement about the 
irreversibility of renormalisation group flows connecting two fixed points of a quantum field theory 
in two space-time dimensions. To be more precise the theorem states the existence of a monotonic 
function that at the fixed points, where the (3 functions vanish, coincides with the trace anomaly 
coefficient c defined by 



where TZ is the scalar curvature. Moreover the coefficient c turns up as the central charge of the 
Virasoro algebra and in the two point function of the energy-momentum tensor. 
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The c-theorem is also interesting from a philosophical point of view, because the c-function 
is interpreted to measure the number of degrees of freedom along the RG flow. Suppose that 
one believes that in the real world this number should be non-increasing when going to lower 
energies, a future "theory of everything" should certainly incorporate a function that measures 
these degrees of freedom and is monotonic hereby. While it is not clear that such an irreversibility 
theorem should be realised in terms of a c-theorem, the questions remains if there is a class of 
theories in four dimensions where an analogous statement to the two dimensional c-theorem can be 
made. Such a generalisation is not straight forward since conformal symmetry in four dimensions 
is far less powerful because the conformal algebra contains only a finite number of generators. 

In four dimensions the trace anomaly reads 

(r,„") = cc^ -aH^ + 111^ + fun, (★) 

with C^, 7i? and 7i? respectively the square of the Weyl tensor, the Euler density and the square 
of the Ricci scalar TZ. The first question that arises is which of these coefficients is to take over 
the role of the two dimensional c. While / can be removed by adding a local counterterm to 
the quantum effective action, c is known to be increasing in some theories and decreasing in 
others and h is eliminated by Wess-Zumino consistency conditions. For the remaining coefficient, 
conventionally denoted "a", there is no known counterexample to auv > ctiRj though explicit 
checks can only be performed in certain classes of supersymmetric field theories [48, 49]. This 
might be an indication that supersymmetry is a necessary ingredient for such an a-theorem. The 
prospect of an a-theorem [50] has attracted some interest in the recent past under the name 
a-maximisation [51]. 

In this thesis a different approach inspired by an alternative proof of the c-theorem in two 
dimensions is chosen [52]. The author of [52] couples a quantum field theory that is conformal 
to a classical gravity background and investigates the anomaly arising from that coupling by 
promoting the coupling constants A to external fields \{x). 

This trick yields well-defined operator insertions from functional derivations of the generating 
functional with respect to the couplings. A generalisation of the Callan-Symanzik equation to 
Weyl rescalings is found, which becomes anomalous when Weyl symmetry is broken upon quanti- 
sation. The structure of this equation is Ag-M^ = -A, where Ag- contains a Weyl scaling part and a 
j3 function part in analogy to the case of constant couplings and constant scale transformations. 

The shape of the anomaly A is determined by dimensional analysis, yielding an ansatz that is 
a linear combination between a set of coefficient functions, which only depend on the couplings, 
and a set of basis terms, which depend on the curvature and derivatives of the couplings. There is 
only a finite number of possible basis terms and their coefficient functions can be perturbatively 
determined for a particular theory. 

Without resorting to a particular theory, one may nevertheless find constraints between the 
coefficients arising from a Wess-Zumino consistency condition 

[A„ A,,]W = 0. 

In two dimensions this consistency condition implies (3^di{c + WiP^) = XijP^P'' i where c is 
the central charge and Wi(A*'') and Xij(-^*') ^re above mentioned coefficient functions. Xij can be 
related to the positive definite Zamolodchikov metric, which is the key ingredient for the definition 
of a monotonic c-function. 

In the four-dimensional case it is such a relation to a positive definite object that is missing. In 
particular the analogous consistency condition for the a coefficient in the four dimensional trace 
anomaly (★) reads 
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where Xiji^'^) is one of the (many) coefficients in the four-dimensional anomaly ansatz. There is 
a relation to a positive definite coefficient x° , Xij — '^Xij + (other terms) , but it is spoiled by the 
occurrence of extra terms. 

In supersymmetric theories, some of these extra terms are known to vanish and there might be 
hope that additional constraints arise from a local RG equation incorporating super- Weyl trans- 
formations that allow the construction of a monotonic a-function. Before tackling this ambitious 
task, a first step is to analyse the trace anomaly in a supersymmetric framework, which is what 
has been pursued in the second part of this thesis. 

In Chapters 7 and 8 respectively, I give an introduction to minimal supergravity in an J\f ~ 
1 superfield formulation and to the non-supersymmetric local renormalisation group technique 
outlined above. 

In Chapter 9, I present superfield versions of the local RG equation, give a complete ansatz 
for the trace anomaly, and determine the full set of consistency equations. I then discuss the 
A/" = 4 case, which gives rise to an interesting puzzle: In [53] by a component approach a one- 
loop result for the trace anomaly of = 4 SYM was found to contain a conformally covariant 
operator of fourth order, the Riegert operator [54], which is reviewed in Section 8.1.4. In [55] 
a supersymmetric version of this operator is given in components, but I was not able to find a 
satisfactory superfield version of this operator. A superfield Riegert operator is known to exist 
in new- minimal supergravity [56], which however in general is known to be inconsistent on the 
quantum level [57, 58]. I discuss the possible origin of that problem, which I suspect to arise from 
the impossibility to separate local U(l)i?, transformations from super- Weyl transformations in the 
minimal supergravity formulation such that a too strong symmetry requirement is imposed on 
the ansatz.^ Nevertheless the extended calculations presented here should provide a good starting 
point for further exploration of this fascinating topic. In the conclusions possible future steps are 
discussed. 

Part I 

Generalizations of AdS/CFT 

2 Overview 

2.1 QCD 

The gauge theory of the strong interaction, quantum chromodynamics (qcd), is based on the 
success of the parton model [59, 60], which describes the high-energy behaviour of hadrons as 
bound states of localised but essentially free particles, to describe the high-energy hadron spec- 
trum. The other key ingredient was to realise that an additional hidden three-valued quantum 
number, colour, is needed. 

The former means that the theory should be asymptotically free; i.e. the coupling constant 
becomes small in the ultraviolet regime (uv). This requirement is only met by Yang-Mills theories, 
that means non-Abelian gauge theories. 

The latter (hiding the colour) makes plausible a colour dependent force to form colour singlets 
only, such that one may assume the colour symmetry (as opposed to the flavour symmetry) to be 
gauged. Indeed lattice calculations demonstrated that QCD is confining, such that the formation 
of colour singlets is a consequence of the dynamics. 

The QCD Lagrangean describes an SU(A^c) Yang-Mills theory with Nc — 3 the number of 
colours and Nf — 6 the number of quarks, with a global SU(7V/)l x SU(iV/)7? x U(l)y x U(1)a 



In new-minimal supergravity this problem does not arise because 11(1)^; is indeed a local symmetry of the 
theory. 
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Quark Masses 



Type 


Q 




Generations 




■ 


E 


U 


c 








1.5 to 4 MeV 


1.15 to 1.35 GeV 


169 to 179 GeV J 


down 


1 

3 


d 

4 to 8 MeV 


s 

80 to 130 MeV 


b 1 

4.1 to 4.4 GeV| 



Table 1 Quark masses (Particle Data Group [61]) 



symmetry that is partly broken by the different mass of the six quarks, cf. Table 1. It is given by 

Ni 

■^QCD 



iTri^™„F"" + ^g-(z7"i?„ 



(2.1) 



D„iqi = (a„i - igAm)qi 
A — 4 "T? 

The iV^ — 1 = 8 fields are called gluons, the Nf = 6 quark fields qi are the Dirac fermions 
u,d,s,c,b,t. The global flavour symmetry is explicitly broken by (the inequality of) the masses 
rrii, though they can be assumed to be realised approximately for the isospin group SU(2)^ or 
even (including the strange quark) SU(3) /. The corresponding transformation and algebra as well 
as Noether current and charge read 



Sq 



' 



(2.2) 



where for SU{3)f the generators — ^ are usually expressed by the eight Gell-Mann matrices 
A". 

Furthermore the Lagrangean is invariant under an overall U(l)v' vector symmetry q i— > e*" q, 
often also referred to by baryon number symmetry. The massless version of (2.1) is in addition 
invariant under the 11(1)^1 axial transformations q i— > e*'^''''^ q giving rise to a second copy of the 
flavour symmetry group, 



Sq'^^aX,qJ, 



^5 a 



abc/~\5 c 



(2.3) 
(2.4) 



Together they form the chiral symmetry group SU(iV/)i x SU(A^/)fl,, whose generators and cor- 
responding algebra are given by 



[Ql, Q'r] = 0. 



5 a \ 



[Qrj Qr\ — ^/"''"^Qrj 



(2.5) 
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When switching on mass terms this symmetry is not exact anymore and the associated charges, 
while still obeying the algebra, are not conserved; i.e. become time dependent. 



2.2 TV 4 Super- Yang-Mills Theory 

While classically Yang-Mills theories are conformally invariant, this is no longer true upon quan- 
tisation and the conformal symmetry becomes anomalous. It turns out that it is actually quite 
hard to find a field theory that is conformally invariant on the quantum level and it comes as a 
surprise that A/" = 4 SYM, whose formulation was first achieved by compactifying ten dimensional 
Af = 1 SYM on a six dimensional torus, actually preserves a larger symmetry group than its higher 
dimensional ancestor and has vanishing /? functions to all orders in perturbation theory [62]. 

Consequently from the commutators of supercharges and the generator of special conformal 
transformation, an additional set of (so-called conformal) supercharges is generated. From the 
perspective of AdS/CFT correspondence this doubling of supercharges is quite important since J\f = 
4 has therefore the same number of supercharges as five dimensional maximally supersymmetric 
supergravity. The full superconformal algebra is SU(2, 2|4), where its bosonic subgroups are 
SU(2, 2) ~ S0(2, 4), the conformal group in four dimensions, and SU(4)r, the R-symmetry group. 

Being maximally supersymmetric, J\f = 4 SYM consists entirely of one multiplet, the J\f — 4 
gauge multiplet. In A/" = 1 language, this corresponds to one gauge multiplet plus three chiral 
multiplets.^ So the field content is one vector, four chiral fermions and three complex scalars. As 
the gauge and SUSY generators commute, all fields are in the adjoint representation. Two of the 
chiral superfields form an A/" = 2 hypermultiplet, while the other chiral superfield together with 
the J\f — 1 gauge multiplet forms a,n Af — 2 gauge multiplet. 

In Af — I superfield language the Lagrangean reads 



^= / d-^^Tr $*e^^ $'e 



2V „-2V] 



j SeWaW + I Sew + c.c. 



' ' -y (2-6) 

where the gauge field strength is given by Wa = — |l?^(e~^^ Da e^^) and the superpotential is 

= Tr$^[$\ $2]. (2.7) 



2.3 Type IIB Supergravity 

There are only two maximally supersymmetric supergravity theories in ten dimensions, called type 
IIA and type IIB. Both are N ~ 2 SUGRAs and contain (among others) two chiral gravitini, but 
IIA is non-chiral in the sense that these fermions have opposite chirality while IIB has gravitini of 
the same chirality. The particle content of the latter is given by Table 2. 

IIB contains a self-dual five-form field := — /\ H3 + A F, F5 := dC4, which makes 
it hard to write down an action from which all equations of motion may be derived.^ 

Often in the literature [66, 63], the following action is used,*" augmented by the self-duality 
condition i^s = *F^, which has to be imposed additionally on the equations of motion and where 



° In an attempt to embrace both naming conventions used in SUSY, multiplets are denoted chiral, gauge or 
hyper in conjunction with the number of supersymmetries. Super fields on the other hand shall always mean = 1 
language and will be distinguished by their constraint (none, chiral, real, linear) and transformation behaviour of 
the lowest component (scalar, spinor, vector, tensor, density). 

^ See [64, 65] for recent attempts to improve this situation. 

^ The conventions employed here are: 

= jl^Ai...Ap, (rfAp+i)Ai...Ap+i = (P+ l)9[Ai^A2...Ap_|_il. and 
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IIB SUGRA Particle Content 



Symbol 


#DOF 


Field 


Gab 




metric — graviton 


C + 




axion — dilaton 


Bab + iC2AB 


56s"" 


rank 2 antisymmetric 


CiABCD 


35s 


antisymmetric rank 4 


^ ^^aI 


112f 


two Majorana-Weyl gravitini^ 


■ A^.' 




two Majorana-Weyl dilatini 



Table 2 IIB SUGRA Particle Content [63] 



* denotes the Hodge dual 
2^ 



5, 



IIB 



di°xVGE{i?E 



dAfd^ 
2(ImT)2 



1 



Ci^GsA G3, 



(2., 



where the expressions in order of appearance are the determinant of the metric, the Ricci scalar 
Re, axion-dilaton field t :— C + i e~'^ composed of the axion C and the dilaton field strength 
Fi :— dC and G3 := vlnir(i^3 — iH^) with := dC2 and — dB. The complex objects have 
been introduced to make manifest an additional rigid SL(2,]R) symmetry of type IIB SUGRA, 
which transforms 



OT - 



G3 



CT + d' 
cf + d 



det 



a b 
c d 



= 1, 



cr 



d\ 



G3, 



(2.9) 
(2.10) 



and leaves invariant the other fields. 

Many also prefer to follow the historic approach [67, 68, 69, 70, 71] of writing down the equations 
of motion only, which restricted to the graviton, axion, dilaton, and four-form Ramond-Ramond 
potential read: 

Rab = e^"^ OaC deC + dA^dBif 

VaV^G = -2(VaG)(V^(^), (2.11) 
VAV^(^ = e2'^(V^G)(V^G), 



d[AAG 



4M2 



^ '^Ai...A5 



'-«dA,{C,)A, 



where by convention the total anti-symmetric Levi-Civita symbol takes values ±v^— det Ge for 
all indices lowered (and accordingly ±V— det Ge for all indices raised). 

2.3.1 p-brane Solutions 

There is a particular class of solutions to the supergravity equations of motion (2.11) that preserve 
half of the supersymmetry and the subgroup SO(l,p) x S0(9 — p) of the ten dimensional Lorentz 
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group. Additionally they have a non-trivial Cp+i charge coupled to the supergravity action by 




(2.12) 



These solutions are called p-branes. They are determined by the ansatz 

ds^ = H{y)"T]^^dx^'dx'' + H{yf{dy^ + y^d^l) (2.13) 

with ry^^ the (p+l)-dimensional Minkowski metric, df2|_p the line element of the (8^j3)-dimensional 
unit sphere and constants a, j3 to be determined by the equations of motion. The directions x are 
referred to as world-volume or longitudinal coordinates, while y are called transversal. 

Since to this thesis, the most relevant p-branes are 3-branes, their full solution in terms of 
bosonic supergravity fields is given, 

ds" = Hiyy^^^.dx^dx'' + H{yY'\dy^ + y^dnl_j,), 
$ = $0 = const, C — const, 

Bab = C2,AB = 0, (2.14) 
Ci^ Hiyy^dx" A-- - Adx^, 

H{y) = 1 + E = ^^9sNa'\ 

^ \y-yi\ 

for a distribution of 3-branes at positions yi. Close to the origin of a single brane \y — yi\ ^ i'*, the 
1 in the warp factor can be neglected such that the geometry becomes approximately AdSs x S^. 



2.4 D-branes 

A Dp-brane is a (p -I- l)-dimensional hypersurface in the target space of string theory, where 
open strings can end [72, 73]. Their discovery integrates some features of superstring theory and 
supergravity that would have been puzzling without them. Firstly, the open string admits two 
kinds of boundary conditions, 

Dirichlet A"*(r, cr) = const, 

Neumann dcrX^{T,a) = 0. 

However from a nai've point of view, Dirichlet boundary conditions have to be considered 
unphysical as they break Lorentz invariance and — worse — make the open strings loose momentum 
trough their endpoints. With the discovery of T-duality [74, 75, 76, 77] it became apparent that 
one could transform from one kind of boundary condition to the other and it was no longer possible 
to exclude Dirichlet boundary conditions a priori. In the D-brane picture, momentum conservation 
can be restored by assuming the D-branes as dynamical objects can absorb the above mentioned 
momentum flow. 

Secondly, p-brane solutions* of SUGRA are interpreted as the low energy effective objects cor- 
responding to Dp-branes. 

Thirdly, it was realised early [78], that it is possible to attach gauge group factors to the end 
points of open strings. These Chan-Paton factors have a natural explanation as encoding which 
brane in a stack of coincident branes the string is attached to. 



p-branes arc domain wall solutions of SUGRA, see Section 2.3.1 for details. 
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^Index Conventions I 
longitudinal transversal 



Table 3 Index conventions for ambient space, world volume and transversal coordinates 




2.4.1 Abelian 

For a single Dp-brane this factor is a U(l) in accordance with the fact, that the massless modes of 
open string theory form a {p+ l)-dimensional U(l) SYM with one vector, 9 — p real scalars, whose 
VEVs describe the position of the brane, and fermionic superpartners, which shall be ignored in 
the following. For constant field strengths Fab, F = \Fab dX"" AdX'' , by resummation it is possible 
to determine the action to all orders in a' [79] to be the first (Dirac-Born-Infeld, DBl) part of 

Sdp = -Tp [ df+^e V-detP[G + B]ab + 2na'Fab 

r (2-15) 
iT^y P[EC„e^]e2-"'^, 

which couples the brane to the massless Neveu-Schwarz (ns) sector of closed string theory while 
the second (Wess-Zumino, WZ) part determines the coupling of the brane to the massless Ramond- 
Ramond (rr) sector. The index conventions are depicted in Table 3, while the fields are explained 
in Section 2.3. 

The prefactor Tp is given by 

with gs the string coupling and £s the string length. 

Throughout this thesis, for explicit calculations the Kalb-Ramond field will be assumed to 
vanish. As will be commented on below, the Wess-Zumino term allows coupling to — with respect 
to the brane's world volume — lower dimensional RR potentials if the gauge field has a non-trivial 
Chern class. The only RR potential in the backgrounds discussed here, will be C4 associated 
to the five- form flux always present in the AdS/CFT correspondence. In the particular case of a 
D7-brane, the Wess-Zumino term then reads 



^Dl-WZ 



Tp J d^^ P[C4 AFAF. (2.17) 



2.4.2 Non-Abehan 

N parallel D-branes describe a U(l)^ gauge theory. When these branes approach one another, 
strings stretched between different branes become light and the gauge symmetry is promoted to 
U(-/V). Generalising to the case of U(iV) is straight forward in the case of D9-branes,^ which does 
not require a generalised pull-back and thus requires merely an additional trace over gauge indices. 
The action of Dp-branes of arbitrary world volume dimension p + 1 can then be determined by 



Apart from the additional complication of finding the correct series expansion, which is non-trivial due to 
ordering ambiguities. 
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T-duality, which transforms the T-dualized direction from longitudinal to transversal and vice 
versa. The result [80] in string frame is 



e-^ VdetQV-det P[E]ab + 2TTa'Fai 



±T„ / STr 



P[e' 



ECne^]e 



Bl „2TTa'F 



(2.18) 



where "STr" is a trace operation that shall also take care of any ordering ambiguities in the 
expansion of the non-linear action. Its name ("symmetrised trace") is reminiscent of an ordering 
prescription suggested by [81], which however is not valid beyond fifth order. Throughout this 
thesis, an expansion to second order will be sufficient and no ordering ambiguities appear at all. 
The following abbreviations have been introduced: 



Eab 


^ Eab + EA^{Q-^ - Sy' EjB 


(2.19a) 


Eab 


= Gab + Bab, 


(2.19b) 






(2.19c) 




- [{Q-'yk-5l] E^\ 


(2.19d) 


1 


= 27ra', 


(2.19e) 


i*i$/(") 




(2.19f) 



where Z*^"^ is an arbitrary n-form field acted upon by i$, the interior product with E^^ is the 
inverse of Eij (as opposed to the transversal components of E^^). 
In particular static gauge is chosen. 



X' = 7$'(r), 



(2.20) 



which means transversal coordinates are in one-to-one correspondence to the scalar fields $' 
Then the pull-back of an arbitrary ambient space tensor TA-i^...An can recursively be defined by 



P[TA^...A„U...a^ P[Ta^A^...A^a^...a„+l{Va,^')P[T^A^...A^a,...a^ 

which yields for the combined metric/Kalb-Ramond field 

P[E\ := Eab + lEarVb^^' + 7^»b2?a*' + 7'^y 2?a$'I?6$^ . 



(2.21) 
(2.22) 



2?a denotes the gauge covariant derivative. 

Finally Eab still may contain a functional dependence on the non-commutative scalars $ and 
is to be understood as being defined by a non-Abelian Taylor expansion [82] 



Eabin ^ eMl^'dx.]Eab{C,X' 



(2.23) 



Again the Wess-Zumino part shall be given for the eight dimensional case; i.e. a stack of 
D7-branes, 



Swz J STr|p[C8] + jP[t-fi^i^Cs + Ce] A F 



+ Y^'[(j7i<i>i<i>)^C'8 + i7i<i'i*C'6 + C^] A F A F 
+ ^P[(i7i*i*)^C8 + iiji<s.i<s,fC6 

+ i7i<i>i$C4 + C2]AFAFAf\, 



(2.24) 



18 



J. Grofie: QFTs Coupled to SUGRA: AdS/CFT and Local Couplings 



where B has been assumed to vanish. For a 3-brane background, there is only a four-form potential 
and accordingly the Wess-Zumino part is given by 

Swz j STr \p[Ca] AFAF+ ^P[i$i$C4] A F A F A F. (2.25) 

While (2.18) encodes the high non-linearity of a D-brane action in a compact manner, it is 
often not suited for explicit calculations and needs to be expanded. 



2.4.3 Quadratic Action 



As both the non-Abelian scalars and the field strength carry 7 as a prefactor, it is tempting to 
think of it as an expansion parameter, keeping track of the order. However in equation (2.19c) in 
front of the commutator there is a factor of 7 where following this logic a factor of 7^ should be 
expected.^" 

To avoid these pitfalls and unambiguously define what is meant by "quadratic order" , a pa- 
rameter £ shall be thought to accompany 7 in each of the equations of the last Section with the 
sole exception of (2.19c), where an is included in front of the commutator. Then, the order e" 
denotes a total of n fields of <I> or Fab in a term. 

Pulling out a factor Eab{£ — 0) (which shall also not depend on transverse directions AT* as 
they come with an e) from the DBI part of the D-brane action defines a matrix M(7) according to 



St^bi ^~Tp dP+^^STr e""^ y^det Q^/- det ^^(O) ^det M{e) 



which has the property M(0) = 1 and is given by 

M(e)^ = E--{e = 0) (p[E{7)]cb + e^F.t 



(2.26) 



(2.27) 



E"''^ is the inverse of Eac- An expansion in e is performed according to 

-2 



\/detM(£) = 1 I Tr (M'(0)) + j 



Tr(M"(0)) -Tr(M'(0)2'> 



1 Tr^ (M'(0)) 



(2.28) 



+ 0(e'), 



where 



M'(0) = -lE-^'^'dx^E.b + E'''{-fEkbV,<t>'' + jE.kVb^'') + jE'^'F^t, 

M"(0) = -f^E'"'<i>'<i>^dx'dx,Ecb 

+2-f^E^'^'dx^{EkbV,^'' + EcuVb^"") 
+E"''[E,^{2i^[^\ - E'^)E,b + 2-f^E,,V,'i>'Vb<^^]. 



(2.29) 
(2.30) 



All quantities on the right hand sides of (2.29) and (2.30) are to be understood as having e set 
to zero. In particular this means the right hand sides are evaluated at vanishing transversal 
coordinates X' — 0. 



Furthermore some authors prefer to use factors of a' to obtain D3-transversal coordinates with mass dimen- 
sion 1, thus modifying the manifest a' dependence even though in physical observables such redefinitions cancel of 
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N 



N 







2 



Fig. 1 Double Line Representation: Non-planar diagrams are suppressed by powers of A'^^ [83] 

For a diagonal metric and vanishing Kalb-Ramond field, the DBI part of the action up to 
quadratic order simplifies dramatically, 



where the following terms vanish unless the transversal coordinates enter the metric linearly. 



2.5 AdS/CFT Correspondence 

The AdS/CFT correspondence (Anti-de Sitter/Conformal Field Theory) is the statement of two 
seemingly different theories to be equivalent. These theories are ten dimensional Type IIB string 
theory on an AdSs x space-time background and four dimensional A/" = 4 extended supersym- 
metric SU{Nc) Yang-Mills theory. The latter is a (super)conformal field theory with coupling 
constant gyM ~ 9s, where Qs is the string coupling. The string theory has Nc units of five- 
form flux through the S^, which is related to the equal curvature radii L of the AdSs and by 
— Aiil^gsNc, where is = Vo' is the string length. This equivalence is supposed to hold for 
arbitrary values of Nc and the coupling constants, but since string theory on AdSs x is not 
well-understood, it is usual to take two consecutive limits that make a supergravity description 
valid but still leave the duality non-trivial. 

The first limit to take is the 't Hooft large Nc limit, with Ac — > oo while A := gyj^jNc is kept 
fixed, in which the field theory reorganises itself in a topological expansion. This can be seen 
by using a double line representation for Feynman diagrams assigning a line to each gauge index, 
such that fields in the adjoint are equipped with two indices, while fields in a vector representation 
carry a single line. The diagrams, see Figure 1, then correspond to polyhedrons, which contribute 




(2.31) 



(lin.) := ^ Tr M - 2l TrX^ + ^ M, 
M^c ■■= G''''<^'dx^Gbc- 



(2.32) 
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with a power of Nc that is suppressed by the diagram's genus and the polyhedrons are interpreted 
as triangulating the string world sheet, though the exact nature of this triangulation is still to 
be understood. Due to gs = X/Nc the strict 't Hooft limit corresponds to considering classical 
string theory on AdS^ x . At the same time the 't Hooft coupling takes over the role of the field 
theoretic coupling constant. 

In the second limit £s — > 0, the curvature radius is assumed to be large compared to the string 
length £s ^ L. This corresponds to the low energy limit where supergravity becomes an effective 
description. On the field theory side this implies a large 't Hooft coupling 



1 « |_ ^ 4^A 



(2.33) 



and a strongly coupled theory therefore, indicating that AdS/CFT is a weak-strong duality. This 
means that one theory in its perturbative regime is dual to the other theory in the strong coupling 
regime, which renders the duality both extremely useful and hard to proof. 

While on the one hand the supergravity version is the weakest form of the AdS/CFT conjecture, 
it is the most useful version for practical calculations on the other hand. The equivalence of both 
theories to be expressed by 



(exp / d^x(/)^°^0)(,p^ = exp{-S'suGRA[0]} 



</-(aAdS)=0(o), 



(2.34) 



where the field theoretic operator O is coupled to the boundary value 4>o of an associated super- 
gravity field 4>, which is determined by the supergravity equations of motion and the boundary 
condition. 

This implicitly introduces the notion of the conformal field theory being defined on the boundary 
of AdSs , where one may imagine the AdSs space being build up from slices of Minkowski spaces 
parallel to the boundary and fibred over a fifth ("radial") direction y. The line element reads 



ds 



AdSs X 8= 



^dxl, + ^dy' + L^dnl 



(2.35) 



For the metric to be invariant under rescalings of the coordinates on the boundary x, the radial 
direction has to transform reciprocal, which means that y transforms as an energy and is inter- 
preted as the renormalisation scale of the boundary theory. Considering domain wall solutions 
it is actually possible to represent field theoretic renormalisation group flows on the supergravity 
side [7, 17], establishing the fact that the interior of the AdS space may be interpreted as the 
infrared (ir) and the boundary as the ultraviolet (UV) of the field theory. 

By the standard AdS/CFT dictionary supergravity fields, being solutions to differential equa- 
tions of second order, encode actually two field theoretic objects, whose conformal dimension can 
be read off from the asymptotic behaviour. 



oo 



Jy 



A-4 



(2.36) 



where the radial direction is interpreted as the renormalisation scale. The first, non-normalisable 
part corresponds to a field theoretic source and has conformal dimension 4 — A; the normalisable 
part yields the corresponding VEV of mass dimension A. A simple example shall illustrate this. 
For the bilinear operator Tpip, the dual supergravity field has the asymptotic behaviour 



0(2/ 



— > oo ^ — 



m 

y 



(2.37) 



where m is the mass term of field ip and c the bilinear quark condensate (■(/'V')- The difficult 
part is to find out which supergravity fields correspond to which field theoretic operators. For i- 
BPS states, which correspond to superconformal chiral primary operators, the situation is simpler 
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because they are determined by their transformational behaviour under the large global symmetry 
group SU(2, 2|4). On the field theory side its bosonic subgroup S0(2, 4) x SU(4) ~ S0(2, 4) x S0(6) 
is realised as the conformal and R-symmetry group, while it corresponds to the isometry group 
on the supergravity side. 

From a string theoretical perspective, the correspondence can be understood as two different 
effective descriptions of a D3-brane stack, namely as a Yang-Mills theory from an open string 
perspective and a p-brane solution from a closed string perspective. In the latter case, the AdSs x 
geometry arises from a near-horizon limit. The picture of AdS/CFT being two descriptions of a 
D3-brane stack turns out to be particularly useful when adding additional branes to include 
fundamental fields into the duality. This shall be the topic of the next Chapter. 

3 Spicing with Flavour 

While the AdS/CFT correspondence has been a remarkable progress in the understanding of the 
't Hooft large Nc limit [2], a need to extend the Maldacena conjecture beyond Af — A super- 
Yang-Mills (sym) theory was soon felt, see [84] for a most prominent example. Since Af — 4 
SYM contains only one multiplet, the gauge field forces its representation on all other fields in the 
theory. As a consequence, also the fermions transform under the adjoint representation, and thus 
do not describe quarks. 

There have been early attempts to augment the boundary theory with fundamental fields by 
including D7-branes in an AdSs X SV^2 geometry [19, 18]. The orientifold was introduced to 
satisfy a tadpole cancellation condition, but the dual J\f = 2 boundary theory had gauge group 
Sp(-/V). In order to obtain an SU(-/Vc) gauge theory for the description of large Nc cousins of 
quantum chromodynamics (QCD), [20] dropped the orientifold from the setup. This was justified 
by the fact, that the probe D7-brane wraps a contractible cycle on the and does not lead to a 
tadpole, hence. In [20] it was shown that the string mode corresponding to the direction in which 
the slips from the has negative mass square, but satisfies (saturates) the Breitenlohner- 
Freedman bound and does not introduce an instability. 

In this Chapter, the main ideas of [20] will be reviewed, before calculating the meson spectrum 
of a field theory dual to a more general geometry in the next Chapter. 

3.1 Motivation 

Conventional AdS/CFT correspondence can be understood as two different limits (see the introduc- 
tory Chapter) of the same object, namely a stack of Nc coincident D3-branes in string theory. The 
choice on which of those Nc branes an open string may end, is refiected by the SU(7Vc) symmetry 
of the dual field theory. The number of ways to attach both ends to the stack is A^^ — Nc, indi- 
cating that the field describing the open string is in the adjoint representation. When including 
another, non-coincident brane in this setup, a string connecting it to the stack has Nc choices and 
thus describes a field transforming under the vector representation of the gauge group. Another 
perhaps less heuristic way to understand this scenario, is to return to the 't Hooft expansion. If 
one takes the intuition about the field theory's reorganisation into a triangulation of the closed 
string world sheet serious, then apparently, fundamental fields will provide boundaries that lead to 
a triangulation of the open string world sheet. In this sense, augmenting the AdS/CFT correspon- 
dence by additional branes, which exactly provide these open strings, extends the correspondence 
from an open-closed duality to a full string duality. 

While the inclusion of D3 or D5-branes leads to fundamental fields on the boundary of AdS that 
are confined to a lower dimensional defect (so-called "defect CFTs"), the addition of D7-branes 
provides space-time filling fields in the fundamental representation. Furthermore it breaks super- 
symmetry by a factor of two; from A/" = 4 to A/" = 2 on the four-dimensional field theory side by 
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Coordinates 



12 3 


4 5 6 7 


8 9 


^^^^^^ 












ym,n,... 





















Table 4 D3- and D7-brane embedding in the AdSs x geometry. The D7-branes (asymptotically) 
wrap an AdSs X The Table also summarises the index conventions used throughout this part of the 
thesis. 



inclusion of an A/" = 2 fundamental hypermultiplet given rise to by the light modes of strings vi^ith 
one end on the D3s and one on the D7s. 

3.2 Probe Brane 

In order to maintain the framework of conventional AdS/CFT correspondence, [20] neglected the 
gravitational backreaction of the D7-branes on the geometry, which was justified by requiring the 
number Nf of D7-branes to be sufficiently small. The contribution of the Nc D3-branes and the 
Nf D7-branes to the background fields is of order gs times their respective number. So as long 
as Nc ^ Nf, the geometry is dominated by the D3-branes and the D7-branes are approximately 
probe branes. In the strict Nc — > c» limit, which comes with the supergravity description of 
AdS/CFT, this approximation becomes exact. 

This is analogous to the so-called quenched approximation in lattice QCD, where the action of 
the gauge bosons on the matter field is included, while the action of the matter on the bosons is 
neglected. 

The metric of AdSs x can be written as 

= —T'nf.^dx^'dx'' + —dr^ + L^dnl, 

where the index conventions as well as the embedding of the D7-branes have been summarised 
in Table 4. The multiplication of vectors is supposed to denote contraction with a Euclidean 
metric, that means dip = ^ q dy"^dy"^ , dz^ = ^ggdzMz*. There are three quahtatively 
different types of directions: x denote the world volume coordinates of the D3s, y the coordinates 
transversal to the D3s and longitudinal to the D7s, and z the coordinates transversal to both 
kinds of branes. Since y and z are on the same footing in the metric, assigning z to the 8, 9-plane 
is arbitrary, but manifestly breaks the S0(6) ~ SU(4)i^ isometry group to S0(4) x S0(2) ~ 
SU(2)i x SU(2)/j; X U(l)fl, where the orthogonal groups represent rotational invariance in the 



It should be noted that meanwhile there are supergravity solutions that include the backreaction of the 
D7-branes [85]. 
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coordinates y and z, respectively. In the case of coincident D3 and D7 branes, the hypermultiplet 
stemming from the strings stretched between the two stacks is massless, such that there is no 
classical scale introduced into the setup and conformal symmetry is maintained in the strict probe 
limit. Then the R-symmetry of the field theory is SU(2) x U(I)i?. 

When separating the stacks in the z-plane, the S0(2)g^g ~ U(1)_r group is explicitly broken, 
though one may use the underlying symmetry to parametrise this breaking as 

2® = 0, = fhq. (3.2) 

Since this introduces a scale into the setup, namely a hypermultiplet mass mq = ihq/ {ina'), it is 
not to be expected that conformal symmetry, and hence AdS isometry, can be maintained. The 
R-symmetry of the field theory becomes SU(2)i{ only, which is in accordance with the geometric 
symmetry breaking above. 

Indeed, the induced metric on the D7s reads 



as = --—^-■q^^dx^'dx + dy 

= ^—jr^Vf^udx^^dx'' + -^—^dy^ + —^dnl, 



(3.3) 



which towards the boundary at \y \ oo, with y"^ = jyp := yy, approximates AdSs x S^, reflecting 
the fact that a quark mass term is a relevant deformation that is suppressed in the ultraviolet. 

This is in accordance with the usual picture of the radial direction r = ^y'^ + of the AdS 
space describing the energy scale of the field theory, where approaching the interior of AdS from 
the boundary corresponds to following a renormalisation group flow from the ultraviolet (uv) to 
the infrared (ir). 

When the renormalisation scale is lowered below the quark mass, the quarks should drop out 
of the dynamics. This happens when reaching the radius r — rhq in the ambient space, which 
corresponds to the interior of the D7s at ?/ = 0, where the D7-branes stop from a five dimensional 
perspective, although as depicted in Figure 2 there is no boundary associated to this ending. 

When ifiq = 0, the U(1)_r and SO(2,4)Ads symmetry are restored and the D7s fill the whole 
of the ambient AdS 5, which suggests that conformal symmetry is restored. However, this is only 
true in the strict probe limit, as otherwise contributions to the beta function of order Nf/Nc occur 
[20, 24]. 

3.3 Analytic Spectrum 

3.3.1 Fluctuations of the Scalars 

The spectrum of the undeformed D3/D7 system described above admits analytic treatment at 
quadratic order [24] and therefore sets the baseline for the numerical determination of meson 
spectra in the more complicated setups of the following Chapters. 

From equations (2.14), (2.15) and (2.17) the D7-brane action in a background of D3-branes 
reads 



Sd7 = J d^^^- dct(F[G]a6 + {27ra')Fab) 



27ra' 



Tj J P[C4] AFAF, 



(3.4) 



^4 

C4 = _da;° A • • • A (3.5) 
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V 
r 

Fig. 2 The D7-brane wraps an S'' on the internal which slips towards a pole and shrinks to zero 
size. From the five dimensional point of view, the brane terminates at a certain radius, but there is no 
boundary associated to this ending. (Figure taken from [86]) 



where P is the puUback to the world- volume of the D7-branes and =2/^ + 2^. 

For fluctuations of the scalars, the Wess-Zumino term contributes only at fourth order (with 
(scalar)^ ■ F'^). From the action and for an embedding according to 



the expansion of the action to quadratic order (2.31) yields 



(3.6) 



(3.7) 



where the fact that metric admits a diagonal form has been used. For the induced D7 metric 
(3.3), the Lagrangean (3.7) reads at quadratic order 



2(2W)-2^ = y3yd^K'^(a^,5z8)(a,5z« 



(3.8) 



, idySzr+r'id^z^)idpz') + (z« 
with jjafj the metric on the three sphere and the equation of motion 



(2/2+^2)2- A' 



d'^d^.Sz' + y'^dy{y'dy5z') + y-'V"V„(5z' = 



8,9, 



(3.9) 



where Vq is the covariant derivative on the unit S'^. An ansatz for separation of variables 
(5z*(a;^, y, S^) = Ciy) e^'^'^ ^ (S^), with V"V„y = -l{t + 2)^ , £ e Fq yields 



(l+y2)2 y2 



y 

y = 

rUq 



Af2 = 



ml 



(3.10) 
(3.11) 
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where a rescaling has removed aU expUcit scale dependencies. Requiring regularity at the origin, 
the radial equation (3.10) can be solved uniquely in terms of a hypergeometric function, 



C{y) 

A/2 ^ 



(3.12) 



with the discretisation condition n G INq from normalisability. Note that the spectrum becomes 
degenerate in the conformal rhq limit. The conformal dimension of the boundary operator 
dual to the solution above, can be read off from its scaling behaviour with respect to the radial 
coordinate. In [24] the UV behaviour is determined from (3.12), but one may instead simply 
discuss the radial equation (3.10), which for large y becomes approximately 



y y 



y2 



Ciy) = 0. 



(3.13) 



Its solutions are of the form Civ) = + By^^^^, which contradicts the naive AdS/CFT expec- 
tation of y'^^'^ + y^^ as can be seen from taking the sum of the exponents. This is due to the 
appearance of a determinant factor ^— det gab ~ y^, which imposes a non-canonical normalisa- 
tion on the kinetic term. So the generic behaviour should be yP+^-'^ -f yP~^ and subtracting the 
exponent of the non-normalisable solution, which corresponds to a field theory source, from that 
of the normalisable one, which corresponds to a vacuum expectation value, it can be seen that 



(^ + 2) - ^ = (p - A) - (p + A - 4) = -2A + 4 
=^ A = ^ + 3. 



(3.14) 



3.3.2 Fluctuations of the Gauge Fields 
The equations of motion for the gauge fields read 



£4 



^e^f^^dpA^ = 0, 



(3.15) 



with e'^^'^ taking values ±1, and when the free index b is none of the angular S"^ directions. 
Expanding the equation of motion yields 



{gx.r^d^d^^ + y-^dy{y'igyy)-'dy) + V„V" 



{9r.)-'d^A^ + y-'dy{y'{gyy)-'Ay) + V"^„ 



= 0, 



Ay — dy 



= 0, 



{g^.y^d^d^^ + y^^dy{y\gyyr^dy) + V„V^ 



A, 



ds 



i9..)-'d^A^' + y-'dyiy%gyy)-'Ay) + V"A„ 



(3.16) 
(3.17) 

(3.18) 



-C'^gsas'^^-'dfiA^^O, 

each of which has to be satisfied for a particular ansatz. For the components {A^, Ay, Aa), the 
first two should transform under 80(4)4507 as scalars, while the last should transform as a vector 
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and accordingly be built up from vector spherical harmonics. The simplest choice is V"3^ , which 
fvcnoWmc iv, the (|, |). Thc other two possibilities are 3^^'^, which transform in the {^^, 



and obey 

v'y'^^ - 25iy'^^ ^-{1 + ify'^^, (3.19) 

eo.p^V0'^'^ = ±{i ± l)yi^^, (3.20) 
V"3^^^± = 0. (3.21) 

The modes containing y^'^ should not mix with the others since they are in a different represen- 
tations. The following types of solutions can be obtained: 

Typeli A^=cj)f{y)e'''-y'^^, = A, = 0, (3.22a) 

Type II A^^i,,4>ii{y)e'''^y\ Ay^A^^O, k^e = Q, (3.22b) 

Type III Ay^cj,iii{y)e'''^y\ A„ = 0,,,(y) e^'=- V„3^^. (3.22c) 

Type II and III come from recognising that in the gauge d^A^^ — 0, A^ does not appear in (3.17) 
and (3.18), and can therefore be treated independently. Kruczenski et al. argue that modes not 
satisfying the gauge condition are either irregular or have a polarisation parallel to the wave vector 
fc; i.e. can be brought to the gauge S^A^ = 0. 

The simplest radial equation arises from the ansatz II, 



3„ , M]j £(£ + 2)' 



Aa = 0. (3.23) 



Up to the polarisation vector, this is the same equation as (3.9) and therefore produces a degen- 
eracy of the mass spectrum, 

Af|^ = M| = 4(n + £+ l)(n-f ^-1-2), n,£>Q, (3.24) 

with the same conformal dimension A — I + 

For type III and I±, an analogous calculation yields the mass formulae and conformal dimen- 
sions of the corresponding UV operators, 

= 4(n + ^ + 2)(n + £ + 3), A==^ + 5 £>l, (3.25) 

= 4(n + ^)(n + ^+ 1), A:=^+l £>l, (3.26) 

ifl^^ = 4(n + £+ l)(n + £ + 2), A = ^ + 3 £>l, (3.27) 

with n > in all cases. 

The full mesonic mass spectrum is given in Table 5, were the Dirac fermions needed to fill the 
states into massive Af = 2 supermultiplets have been added. Since the SU(2)l group commutes 
with the supercharges, all states in the same supermultiplet should be in the same representation 
with respect to the left quantum number. Indeed redefining i in such a manner that the SU(2)i 
representations are the same also makes the mass coincide. This argument cannot be applied to the 
right quantum number, for the supercharges are not singlets under the i?-symmetry. (Although 
the spectrum is symmetric under swapping the roles of the left and right group, which corresponds 
to considering an anti-D7-brane, that is the opposite sign in front of the Wess-Zumino term.) 

3.4 Operator Map 

As has been seen, the fluctuation modes of the D7-brane organise themselves in A/" = 2 multiplets, 
which are made of a chiral primary field and descendants. The mode with highest SU(2) quantum 
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IIB SUGRA Particle Content^ 



Type 




SU(2)k 


U(l)7? 




A-£ 




(I-) 


1+2 
2 


2 


^ > 


2 I 


2 scalars 


(s) 


e 

2 





^ > 


3 1 


1 vector 


(11) 


i 
2 





^ > 


3 1 


1 scalar 


(III) 


i 
2 





e> 1 


3 1 


1 scalar 


(1+) 


1-2 
2 





£>2 


4 1 


1 Dirac 


(Fl) 


i+1 
2 


1 


i>0 


5 H 
2 S 


1 Dirac 


(F2) 


e-1 

2 


1 


e> 1 


9 
2 



Table 5 Mesonic Spectrum in AdSs x S^. The Dirac fermions are deduced from Supersymmetry. A is 
the conformal dimension of the corresponding UV operator and the representations have been shifted to 
have the same SU(2)_l spin | and therefore the same mass = 4(n + £ + l)(n + £ + 2), n> 0. 



number is the scalar of type (I-). The choice of the corresponding primary operator is restricted by 
the requirement of containing exact two hypermultiplet fields in the fundamental representation, 
being in the same representation (|, ^^)o and having conformal dimension A = ^ + 2. For £ = 
this merely admits the unique combination 

0^=^V^^Vi^ (3.28) 

with the Pauli matrices . The higher chiral primary in the Kaluza-Klein tower, can be obtained 
by including the adjoint operators obtained a the subset 1^4,5,6,7 ^t^^ gj^^ adjoint scalars of the 
A/" = 4 multiplet by traceless symmetrisation,^^ 

Xi = Y'^''' ...Y''\ (3.29) 

The operators xe transforms under SU(2)i x SU(2)fl x 'U{1)r as (|, |)o, which in the combination 

= i^Xi<^'i^, (3.30) 

gives a (|, ^-^)q of conformal dimension A ~ £ + 2. The other operators can be obtained from 
acting with supercharges on those chiral primaries. 

4 First Deformation: Geometry 

4.1 Chiral Symmetry Breaking 

While much progress has been made in the sector of AdS/CFT correspondence, it has proved 
difficult to find a realistic holographic dual of QCD. There are many reasons, which range from 
practical — working with ten-dimensional supergravity equations — to principle: The ultraviolet 
(uv) regime is weakly coupled, which corresponds to strong coupling (large curvature) on the 
AdS side and hence the requirement of quantising string theory on that background. Furthermore 
models discussed so far contain only one scale and cannot provide a separation of supersymmetry 
(SUSY) breaking and confinement scale Aqcd- 



^■^ The four scalars belong to the M =2 hypermultiplet. 
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Despite those obstacles AdS/CFT correspondence has been remarkably successful in capturing 
many aspects of QCD. In this Chapter, such an aspect will be the important feature of chiral sym- 
metry breaking, which shall be described holographically. Since supersymmetry prohibits chiral 
symmetry breaking as a non-vanishing chiral VEV violates D-flatness, the background geometry 
has to be deformed in such a way that SUSY is broken. At the same time it is desirable not to loose 
contact to the well tested framework of AdS/CFT. It is therefore crucial to look at a geometry 
that in the ultraviolet approaches AdSs x S^. 

Here this will be achieved by preserving in the whole space time an S0(1, 3) x S0(6) isometry. 
There are two IIB supergravity backgrounds in the literature [46, 40, 39], which satisfy this condi- 
tion. The implications of the background by Constable-Myers [46] have been studied in [86]. Here 
the focus shall be on the background found by Kehagias-Sfetsos and (independently) Gubser. 

In analogy to the undeformed case of the previous Chapter, a D7-brane embedding parallel to 
the D3s will be considered and its scalar and vector fluctuations be studied. By diagonalising the 
fields, the discussion of multiple D7-branes reduces to several identical copies of the single brane 
case and has therefore no impact on the mass spectrum. There is however the important difference 
that a D7-brane stack admits non-trivial gauge configurations such that the Wess-Zumino term 
C4AFAF can contribute. The effect of non-trivial F AF will be studied in the next Chapter, the 
Wess-Zumino term will be assumed to vanish for now and an Abelian Dirac-Born-Infeld action 
(dbi) can safely be considered therefore. 

As has been explained in Section 2.5, the quark mass and chiral quark condensate c form 
the source/ VEV pair that is described by the UV values of scalar fields on the brane. (Which in 
the string picture describe the transversal position of the brane.) In the supersymmetric scenario, 
the only solutions that have a field theoretic interpretation require c = for all niq. In particular, 
this implies that there is no chiral quark condensate in the limit jUq — )■ and no dynamical chiral 
symmetry breaking, hence. Basically the problem is that in terms of geometry a chiral condensate 
corresponds to a brane bending outward and behaving irregular towards the interior of AdS. Since 
the radial direction of the AdS space corresponds to the energy scale in the field theory, such 
a bending means that the field theory flows to the IR and comes back as is shown ("Bad") in 
Figure 3. Clearly this is an unphysical behaviour. The effect of the deformed background is that 
the D7-brane experiences attraction from the singularity and bends inward compensating the effect 
of the boundary value c. This compensating is highly sensitive to the exact value of the chiral 
condensate as a function of the quark mass, which completely fixes the functional dependence. 

In the previous Chapter, it was explained how adding D7-branes to the AdS/CFT correspondence 
breaks the SO(6)4...9 ~ 811(4)^ isometry of the six D3 transversal coordinates to an 80(4)4557 x 
SO(2)89 isometry, which corresponds to SU(2)l x SV{2)r x with SV{2)r x V{1)r the 

R-symmetry group of the TV = 2 superconformal Yang-Mills theory. ^'^ Giving a mass to the 
Af = 2 hypermultiplet corresponds to separating the two brane stacks and breaking the conformal 
symmetry. This has two effects: On the field theory side, the breaking of conformal symmetry 
reduces the R-symmetry to SU(2)ij, on the supergravity side it breaks the rotational invariance in 
the 8, 9-plane associated to the \J{1)r. Now this breaking acquires an additional interpretation in 
the limit ruq 0, where this U(l) is present in the UV, but is broken dynamically by the branes 
bending away from the symmetry axis, cf. Figure 4: The symmetry spontaneously broken by the 
chiral condensate is the \J{1)a axial symmetry. 

Since determining the chiral symmetry breaking behaviour is equivalent to finding correct 
D7-brane embeddings, one may go one step further and also find fluctuations about these embed- 
dings, which corresponds to meson excitations in the correct field theoretic vacuum. For vanishing 



To be precise, the SO{2)g9 corresponds to the U(1)a axial symmetry, while the U(1)h R-symmetry 
is diag[SO(2)45 x SO(2)g7 x SO(2)89]. Breaking of SO(2)8g implies breaking of the axial and R-symmctry 
simultaneously. 
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Singularity 



Fig. 3 Possible solutions for the D7 embeddings. The half circles correspond to constant energy scale 
^. The "bad" solution cannot have an interpretation as a field theoretic flow. The "ugly" solution hits 
the singularity (filled circle at the centre) and can thus not be relied on. (Plot taken from [86]) 



Fig. 4 Spontaneous breaking of the U(1)a symmetry, which rotates (circle) the 8, 9-plane, by the 
zero quark mass solution. Zero quark mass means that the asymptotic separation between the brane 
embedding and the j/-axis (large axis) vanishes. Non-vanishing quark mass means explicit and thereby 
not spontaneous symmetry breaking. 
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quark mass, the bilinear quark condensate breaks the axial symmetry spontaneously and the as- 
sociated meson becomes masslcss providing a holographic version of the Goldstone theorem. 

It should be noted that the explicit breaking of the U(l)yi by an instantonic anomaly, which 
in QCD is responsible for the ry' to be heavy, is suppressed in the large Nc limit. In that sense 
the holographic rj' is more similar to a Pion even though it is not related to the breaking of the 
chiral SU(iV/)L x SU(iV/)fl to its diagonal subgroup. Therefore in particular for comparison with 
experimental data the Pion mass is a more appropriate choice. 

This Chapter is organised as follows. First, the Dirac-Born-Infeld (dbi) action and the equa- 
tions of motion describing the D7-brane embedding and fluctuations about the vacuum solution 
will be derived. Then the background by Gubser, Kehagias-Sfetsos (GKS) will be shortly reviewed 
and transformed into a convenient coordinate system. The undcformcd supersymmetric scenario 
will be compared with a numerical evaluation of the chiral symmetry breaking and meson spec- 
trum in the dilaton deformed background. Additionally, the behaviour of strongly radially excited 
mesons will be discussed. 

4.2 DBI to Quadratic Order 
Consider the diagonal background metric 

ds"^ = Qxxiy, z)dxl^3 + gyy{y, z){dy^ + v'^d^l) + g^ziy, z){dz'^ + z^dO'^), (4.1) 

which may be written as 

5(10) = diag(g'xxli,3, 9vy, Qw 5a/3, Qzz, Qee), (4.2) 
where ga/3 is the metric on the unit three sphere, and it holds 

900 = z'^Qzz- (4.3) 

In the case gyy = g^z, the radial direction of the warped AdS space can be expressed as = 
y'^ + = + z^ with y,^^ ^ y^ , . . . , y^ and z,d ^ z^ = zsa\Q, z^ = zcos9 a transformation 
from respectively spherical or polar to Cartesian coordinates. 
Choosing static gauge, 

^0,...,3^^0,...,3^ y4,...,7^^4,...,7^ ^8,...,9 ^ ^8,9(^0,...,7)^ (4 4) 

the DBI action in Einstein frame for a D7-brane in this background is given by 



dydfl3V^e'^ 



+ ie-^i?^„6-F«^ 



(4.5) 



where expansion to second order in the scalar fields $ = ± and field strength has been 
performed. The remaining determinant is 



= y V 9 {9xx9yy) ■ (4.6) 

4.3 Quadratic Fluctuations 
Expanding an action 

S = J d^^^{<l>\da<P') (4.7) 
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into small fluctuations (50* around a solution 0o of the Euler-Lagrange-equations yields 



= d>n+£d 



S 



(4.8) 
(4.9) 



£=0 



Note that the above statement is merely the Legendre criterion for an extremal solution of a 
variational principle, which is a minimum if the parenthesised expression above is positive definite. 

In accordance with the previous Chapter, where dependence on x was associated to massive 
excitations and dependence on the spherical coordinates Q3 gave rise to Kaluza-Klein states, the 
embedding of the D7 that forms a ground state should only depend on the radial direction y. For 
fluctuations about a vacuum solution 0o — (j)o{y), Fq'' = 0, the quadratic expansion in scalar and 
vector fluctuations yields 



d xdy dVl-} 



1 

1+2 



ah 



9^3 



2 



{da5(l^'){db5<lyi) 



l + W{yW 



4 1 + K(2/)|^ 



(4.10) 



with 



V^ = y^{9xx9vyfVl, 
my)? --^ 9^j 9''\da<^l){d,ctP, 



(4.11) 



and FabF'^'' expressed solely in terms of fluctuations SA,n about the trivial background A„i = 0. 

For numerics, expressing the scalar fluctuations in terms of Cartesian fields z^,z^ has some 
advantages.^* From the field theoretic point of view, expressing the fluctuations in polar coor- 
is more natural, because the fluctuations of the pseudo-Goldstone mode 



dinates ze^' 



z'' + iz^ 



correspond then exactly to rotations of the U(1)a- Since both approaches yield the same results 
due to the infinitesimal nature of the fiuctuations, the polar coordinate formulation will be chosen 
here. 

For $ = 2; e'^ , 2; = 2:o(?/) + <5CT(a;, y) and Q = + ^7r(x, y), expansion of the DBI action to quadratic 
order in the fluctuations yields 



<S' = y d'^xdydfl^y/^ e"^ y^{9xx9yvY + z'oiyY 

l g''''geeidaST:)idb67:)+g^>'g,,{daSa)idi,Sa) 

2 i + 4(.yr 

1 ( gyyg..{dyZo){dySa) Y 1 F,bF^' 
2V i + 4iyr J 4 1 + |z^(y)|2 



(4.12) 



where (z^)^ = g^^gyy^dyZ^f 



In particular, the excitation number n of the meson tower (3.12) corresponds to the number of zeros of the 
solution to the radial equation (3.10), which provides a good check whether a meson solution was accidentally 
skipped. 
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4.4 Equations of Motion 
4.4.1 Vacuum 

From (4.12) by setting Sa — Sir — 0, the equation describing the D7 embedding in terms of zo{y) 
is obtained, 



d_ 

dy 



dzo' 



jr = e"^ y^igxxgyyY 



(4.13) 



4.4.2 Pseudoscalar Mesons 

The pseudoscalar mesons correspond to fluctuations along the U(l)/i and — as shall be seen below — 
become massless for vanishing quark mass. They are thus (pseudo-) Goldstone bosons, which 
become true Goldstones for ruq —^ 0. Their equations of motion are 



da 



g\T{y,ZQ) , 



geeg dtSiT 



= 0, 



which for the ansatz Sn — (57r(y) e*''"'^ 3^^(S'^) and = — fc^ read 



T 



(4.14) 



(4.15) 



geeg" 



Stt = 0, 



with the same shorthand !F as in (4.13). 



4.4.3 Scalar Mesons 

These correspond to fluctuations in the radial direction transverse to the \J{1)a- The equations 
of motion for the scalar mesons are 



da 



\g\J'{y,zo) . aba X 
9zz9 ObSa 



dy 



\g\^{y,zo) 



{gzzg'"'f{dyZaYdy5a 



VI + 4(2/)' 

which for the ansatz Sa — 5a{y) e*'^^ 3^^(S'^) and M"^ = —k"^ become 



(4.16) 



■d-u 



T- 



1 + 4(2/)' ) ' 



dySa 



(4.17) 



gz^g^'^'M^ ~ e{£ + 2) 



9zzg 



yy 



Sa = 0. 



Again it holds T{y, zq) = e"^ y^igxxgyy) 



AAA Vector Mesons 

In accordance with Section 3.3.2, vector mesons can be obtained from the D7-brane gauge fields 
whose equations of motion are 



da 



Vgy^{9xx9yyY ^ab 

n/1 + 4(y)' 







(4.18) 
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for solutions with no components on the S'^, SAa = 0. The ansatz = 5p{y) e^'^'^ y^{S'^), 
where the polarisation vector satisfies fc^^^ — 0, yields 



y 9xx9yy 



-.dySp 



(4.19) 



4.5 Backgrounds 
4.5.1 AdSs X 

In this Section, it is demonstrated that the holographic description of the undeformed, supersym- 
metric case [24] shows no chiral symmetry breaking. To describe the field theoretic vacuum, the 
embedding should neither depend on x, which gives rise to a massive excitation, nor on the coor- 
dinates of the internal S^, which gives rise to Kaluza-Klein states. Using the SO(2)89 symmetry, 
one may choose the coordinate system such that the embedding is simply — zoiy). 
Then the linearised equation of motion (3.10) is given by 



y . 



zo{y) = 



with M = £ = 0. The full (as opposed to only asymptotic) solutions^^ are of the form 

zo{y) = m + cy^'^, 



(4.20) 



(4.21) 



with the conformal dimension of the dual operator ipip given by A = £ + 3 = 3. For c = 0, this is 
the constant embedding chosen by Kruczenski et al. [24] and presented in the previous Chapter. 
For c 7^ 0, the solution diverges when approaching the centre y ^ of the D7-branes. This by 
itself is still a valid D7-brane embedding in the supergravity sense. However, it does not have an 
interpretation as a field theoretic renormalisation group flow, because the D7-brane embedding 
cannot be expressed as a (one-valued) function of the radial variable r'^ — y'^ + zo{y)'^, which 
corresponds to the energy scale. This is also depicted as the "bad" solution in Figure 3. 



4.5.2 GKS Geometry 

A particular solution to the type IIB supergravity equations of motion (4.1) that preserves S0(1, 3)x 
SO (6) isometry was found by Gubser [40] (and independently by Kehagias-Sfetsos [39]), who chose 
an appropriate warped diagonal ansatz for the metric, a Freund-Rubin ansatz for the five-form 
flux and took only the dilaton as a non-constant supergravity field with a radial dependence. 
The solution presented in [40, 39] takes the form^^ 



dslo = e'^ dxl, + ^ ^^^f + L'dQl (4.22) 



y^arcothVl + B-2e8°-, (4.23) 



Keep in mind that these are only solutions expanded to quadratic order. For the Abelian case one can do 
better, expand the determinant to all orders and keep the square root unexpanded. However, the outcome does 
not change. 

In the original publication is used instead of to parametrise the deformation. 
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where due to arcothcc = i In the dilaton (p may be written as 



These coordinates are such that 

IR (7 —oo singularity in the far interior, 
UV (7 +00 boundary, 

where there is a naked singularity in the infrared. 

For calculating the meson spectrum in a background, it is more convenient to work in a coor- 
dinate system that brings the metric exactly to the S0(l,3) x S0(6) manifest form (4.1). This 
can be achieved by the coordinate transformation 



which yields 




e'^ = J£4-^/l-l|. (4.25) 
dslo = gxx{r)dxl3 + gyy{r){dr^ + r^rfOg), 



9xx{r) 
9yyir) 



J.2 



i2 (4.26) 



3, r4 



'0 

Note that additionally x has been rescaled such that g^x reproduces the canonical normalisation 
of the asymptotic AdS that is approached for r oo and tq is the minimum value of r where the 
infrared singularity resides. 

For computations it is convenient to rescale the coordinates by rg such that effectively tq s- 1; 
i.e. all equations become independent of tq. In this frame the quark mass is measured in units of 
rgT, with T the string tension, and the meson mass in units L~^ro. As will be shown below, for 
large quark masses the supersymmetric results of the undeformed AdSs x are reproduced, such 
that M ~ niq. Due to 

= const. • '—^ (4.27) 

the supersymmetric limit ro — > allows direct identification of the numerical constant with that 
of equation (3.12). The situation is more complicated for the similar background of Constable- 
Myers, see Section 6.2.2, where by rescaling the deformation parameter cannot be entirely removed 
from the equations of motion, such that it also enters the numerical constant. Moreover in that 
background the units depend on the deformation parameter in such a way that it does not cancel 
in a relation similar to (4.27). 

4.6 Chiral Symmetry Breaking in GKS 
For (4.26), the equation of motion (4.13) for the vacuum solution z = zo{y) is given by 



d_ 

dy 



^o(y) 



2 



yyi + z^,(y)2A/, (4.28) 



^^(r^^l^ (r^ ^ r^=y^+zo(^/)^ A = ^6. 
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zo{y) 



- ruq = 2.0; c = 0.603 




Fig. 5 The Figure sliows regular D7 embeddings witli different quark mass. Tfie embedding coordinate 
zo{y) is a radial coordinate in the 8, 9-plane. While all solutions break the rotational U(i)A symmetry in 
that plane, the zero quark mass solution (dashed) does so spontaneously. 



The constant A has been defined for convenient comparison to a background by Constable-Myers, 
cf. Chapter 6, and should not be mixed up with the conformal dimension. 

Since the background (4.26) approaches AdSs x towards the boundary, it does not come as 
a surprise that the UV behaviour of zo(y) is given by niq + cy~^ with iriq the quark mass and c 
the bilinear quark condensate as in the supersymmetric case. In the infrared there are still two 
solutions of qualitatively different behaviour: One is divergent and cannot correspond to field 
theoretic vacuum therefore, the other approaches a constant. However, the infrared dynamics is 
modified such that the pair in the UV mixes while going to the IR. Whereas in the supersymmetric 
case the UV solution with c = corresponded one-to-one to the regular behaviour in the IR, now 
for each value of there is only one value of c such that the combined solution mixes into a 
regular one in the IR. Such regular solution have been determined numerically and are plotted 
in Figure 5. Each of the solutions is determined by a pair of quark mass and quark condensate. 
These pairs also determine the quark condensate as a function of the quark mass as is shown in 
Figure 6. 

The possible outcomes for arbitrary combinations of niq and c are depicted in Figure 3: The 
solution can hit the singularity (denoted "ugly" , since the supergravity approximation fails when 
coming to close to the singularity), the solution may diverge (denoted "bad", because it cannot 
correspond to a field theoretic fiow), or the solution may reach a constant value for the embedding 
coordinate zo{y) at y = 0, denoted "good". In terms of the ambient space radial coordinate 
r'^ — y'^ + Zg the D7-brane "ends" at r — zo{0) by the S^ slipping from S^ of the background 
and shrinking to zero size at a pole of the S^, cf. Figure 2. There is a tachyon associated to this 
slipping mode, but its mass obeys (saturates) the Breitenlohner-Freedman bound [21] and does 
not lead to an instability hence. 

One might however worry about regular solutions reaching the singularity. For the discussion 
of whether this may happen, it is advantageous to shift the point of view to the infrared. 

Starting at a finite value in the IR, there has to be a unique fiow to the UV, which fixes the 
correct combination of and c, since one also needs the IR- divergent solution to create arbitrary 
combinations of and c. As has been explained above, 2:0(0) sets the scale were the quarks 
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Fig. 6 The first plot shows the chiral condensate (^/'^/') as a function of the quark mass as determined 
by regularity requirements for the D7 embedding. For large quark mass m, the chiral condensate behaves 
like c ~ in accordance with predictions from effective field theory. 
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Fig. 7 Two solutions of tlie same quarlc mass and tiie zero quark mass solution (dashed) are depicted. 
The zero mass solution exactly avoids the region between the inner circle, which is the singularity, and 
dashed outer "shielding" circle. Of the two massive solutions, only the one with the larger action enters 
the shielded region, cf. fig. 8. 



drop out of the dynamics. So one generically may expect that a large quark mass corresponds 
to a large value of ^0(0). Starting at distances closer to the singularity generates solutions with 
smaller quark mass till one reaches a limiting solution at 2:0(0) ~ 1-38 that corresponds to vanishing 
quarks mass. Going even closer to the singularity gives rise to a spurious negative quark mass. 
Due to the SO(2)89 present, these solutions are in fact positive mass solutions with negative 
quark condensate, as can be seen by rotating around the j/-axis, see Figure 4. This assigns two 
potentially valid solutions to each positive quark mass.^^ However solutions that do not come closer 
to the singularity than the zero quark mass solution have a smaller potential energy V — — -Sf , 
cf. Figure 8, and are therefore physical. This realises some sort of screening mechanism preventing 
solutions from entering the region between the zero-quark mass solution and the singularity, 
cf. Figure 7. The physical solutions outside have a positive quark condensate. 

Having established the conditions that determine the chiral condensate as a function of the 
quark mass — the result is plotted in Figure 5 — the case rUq = will be discussed in more detail 
now. zo{y) = is obviously a solution of the equations of motion, which does however reach the 
singularity. To obtain a solution exhibiting chiral symmetry breaking behaviour, it is necessary 
to either start at a suitable value in the IR, thus forcing the solution to behave as desired, or to 
start with an infinitesimal deviation from zq = rUq = in the UV. This situation is analogous to 
calculations of the magnetisation in solid state physics, where spontaneous symmetry breaking is 
initiated by an arbitrarily small but non- vanishing external B field. 

The conclusion is that indeed spontaneous chiral symmetry breaking is observed in this geom- 
etry and one may wonder about the appearance of an associated Goldstone mode. 



The situation is to some extent analogous to asking which is the shortest route connecting two points on a 
sphere. The answer is a grand circle, which however also provides the longest straight route. 
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Fig. 8 Potential Energy of D7-brane embeddings as function of the quark mass: Since the energy itself 
is infinite what is actually plotted is the finite difference to the action of the zero quark mass solution 
defined as follows, 

Y 

E{mg) - E{0) = -AS = - lim / ^(m,) - ^(m, = 0)dy. 



The physical solutions have smaller energy and are farther from the singularity than the zero-mass solution. 



4.7 Mesons 

The meson spectrum is determined by finding regular and normalisable solutions to the equations 
of motion arising from fluctuations about the brane embedding. These equations, given in (4.15), 
(4.17) and (4.19), can be solved in analogy to the case of the embedding equation (4.13), which 
has been discussed in the previous Section. The solutions of the meson equations have a boundary 
behaviour of generic type ci + c^jy^ ■ In contrast to the embedding solutions, where regularity 
fixed C2 as a function of ci, the fluctuations should always be normalisable, such that the solutions 
behave as y~'^ towards the boundary. The remaining overall factor C2 is undetermined because 
the equations of motion are linear. The requirement of regularity in the infrared can then only be 
satisfied by a discrete set of values for the meson mass M, which determines the spectrum. The 
result for the lowest lying meson modes is depicted in Figure 9. 

With these results it is possible to return to the question of a holographic realisation of Gold- 
stone's theorem. For the following discussion, it is important to keep in mind that the supergravity 
approximation in AdS/CFT correspondence implies being in the ^ oo limit, where the 11(1)^1 
axial symmetry is non- anomalous in the field theory A look at the large N^. limit of QCD, where 
the rj becomes massless and thus a true Goldstone boson, inspires to look for the corresponding 
(pseudo-)Goldstone meson in this geometric setup. 

A massless embedding with UV behaviour zo(?/) ^ c restores the U(1)a — SO(2)89 symmetry 
in the UV and therefore shows spontaneous symmetry breaking. In particular that means that the 
embedding solution zq e*^° , has an undefined angle at the boundary, which acquires an arbitrary 
value along the flow, picked out spontaneously by the dynamics. Clearly any fluctuation in the d 
angle simply corresponds to a rotation into an — because of the presence of the U(l) — equivalent 
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but different value of ^o- Since these values are all equivalent, the fluctuation in the 9 direction 
should be a flat direction in the potential and correspond to a massless meson. 

When the \J{V)a symmetry is explicitly broken in the UV by the quark mass (zq rUq + 
c(mq) y~^), fluctuations in the angular direction do not rotate into an equivalent embedding and 
are therefore expected to become massive. Figure 9 shows that this holographic version of the 
Goldstone theorem is indeed realised. Furthermore beyond a certain quark mass, supersymmetry is 
restored and the meson masses become degenerate. For small quark mass, Figure 9(b), accordance 
with a prediction from effective field theory is found, the Gell-Mann-Oakes-Renner (gor) relation 
[87] 

Ml - -f^- (4.29) 

4.8 Highly Excited Mesons 

In this Section inspired by a similar analysis in [4f], the highly excited meson spectrum in the 
present background shall be investigated. In AdS/CFT this corresponds to considering mesons with 
large radial excitation number n. According to [42] the semi-classical approximation becoming 
valid in this limit gives rise to a restoration of chiral symmetry, because its breaking resulted from 
quantum effects at one-loop order which are suppressed for S h. 
[41] found the rather generic behaviour 

M„ - n, n > 1, (4.30) 

for holographic duals of QCD-like theories. This is not in accordance with field theoretic expec- 
tations [43], which can be derived from simple scaling arguments: The length of the flux tube 
spanned between two ultra-relativistic quarks of energy E = p = Mn/'2 is 



L^-^, (4.31) 



^QCD 

such that from the quasi-classical quantisation condition 



pdx ^pL^ j-^ n, (4.32) 



QCD 

one reads off 

M„ ~ y/Ti. (4.33) 

This is in contradiction to the results (4.30) and also the numerical results one obtains for the 
GKS background shown in Figure 10. However this behaviour was to be expected since it is also 
found in the analytic spectrum of Kruczenski et al. 

A to some extent related question is whether the difference SMn of the scalar and pseudoscalar 
meson mass shows the right field theoretic behaviour, which has been predicted to be |(5Af„| < 
n~^/'^KQCD with alternating sign for 5M„ [43]. 

While the analytic supersymmetric case fulfils this requirement trivially 5Mn = 0, interestingly 
this seems not to be the case for the GKS background as can be seen in Figure 10. Actually (5M„ 
even could not be shown to vanish at all in the limit n ^ oo implying that neither chiral symmetry 
nor supersymmetry is restored. 

Having a closer look at the behaviour of such highly excited mesons, cf. Figure 11, one notices 
that the effect of large radial excitation is that the interior of the holographic space corresponding 
to the field theory's infrared is probed more densely. This suggests that for highly excited mesons 
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{2'Ka')niq 



(a) Lightest mesons 




{2Tra')mq 



To 



(b) Pseudoscalar meson and GOR relation: M,r 



Fig. 9 Plot (a) shows the lightest vector, scalar and pseudoscalar meson (in order of decreasing mass). 
While the scalar and vector meson retain a mass, the pseudoscalar meson becomes massless and therefore 



predicted from effective field theory, plot (b). For large quark masses, supersymmetry is restored and the 
analytic SUSY result M{n = 0,i! = 0) = ^^y^ is reproduced (black straight line). 
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(b) Difference to SUSY Case 



Fig. 10 These plots show highly radially excited mesons for the niq = embedding (with ro = L — 1 for 
numerics). For the analytically solvable SUSY case, this corresponds to n ^ 1 and therefore Mkmmw = 
2\/ {n + £ + l){n + £ + 2) ~ 2n. While the proportionality to n is preserved in the deformed case, the 
overall slope of the SUSY case is different and has been adjusted by muhiplying Mkmmw by 1.15 for 
comparison. The difference to this rescaled mass as depicted in plot (b) suggests that the mass of the 
scalar and pseudoscalar mesons is not degenerate in the hmit of large excitations. 
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in such a holographic description infrared effects might indeed not be sufficiently suppressed. On 
the other hand it seems surprising that mass degeneracy is not restored contrary to the case 
of large quark mass, where the mesons end up in the supersymmetric regime and do become 
degenerate as has been demonstrated in Figure 9. 

Currently the method for calculating the meson spectrum inherently requires expansion to 
quadratic order in ffuctuations. It would certainly be interesting to extend this procedure to 
include higher order contributions and reexamine the question of whether at least restoration of 
mass degeneracy can be achieved in the limit of highly radial excitation. 

5 Second Deformation: Gauge Fields 

5.1 Introduction 

In this Chapter the meson spectrum of the Higgs branch of the particular Af = 2 super- Yang- 
Mills (sym) theory (5.3) that can be described by a D3/D7-brane system [20] in the framework of 
AdS/CFT correspondence [4, 5, 6] will be determined. The analogous calculations for the Coulomb 
branch can be performed analytically [24], see Chapter 3, and can be made contact to in the cases 
of zero and infinite Higgs vacuum expectation value (VEV). 

The work presented here is intrinsically a generalisation of the D3 /D7 system of Chapter 3 to 
the case of more than one D7 brane, which corresponds to having multiple quark flavours. In 
particular, an additional effect that goes beyond simply having multiple copies of the Abelian 
case is considered. On the supergravity side it arises from the Wess-Zumino term in the D7-brane 
action, allowing four-dimensional instanton configurations to be classical solutions of the D7-brane 
gauge fields. On the field theory side this corresponds to switching on a vacuum expectation value 
(VEV) for the fundamental hypermultiplet. The field theory is therefore on the Higgs branch. 

In the following Sections, the dual field theory will be presented and the exact notion of "Higgs 
branch" (which actually is a mixed Coulomb-Higgs branch) will be clarified. A short review of 
the BPST instanton solution is given. 

The equations of motions are derived that determine the vector meson spectrum, which is 
calculated numerically and discussed analytically in the limits of small and large Higgs VEV. 
Finally the operator dictionary is explained and the fiuctuations corresponding to scalar mesons 
are shown to fall into the same supermultiplets. 

5.2 Conventions 

The main difference between this Chapter and the preceding ones is the use of a non- Abelian 
D7-brane action to extend the analysis of the SUSY D3/D7 system to the sector of two flavours 
{Nf — 2). Therefore, the introduction of non- Abelian gauge covariant derivatives 

T>a = da +gAa, 

Fab = daAb - dbAa + g[Aa, Ab] , 

can no longer be avoided and in addition to the index conventions of Table 6, a few notations 
have to be established. 

The indices M, N, . . . will also be used as SU(2) generator indices, with the convention £456 = 1 
and the Hermitean Pauli matrices 

^(C "o')'(-i 0)). 
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(a) Strong IR dependence 




(b) IR Regularity 

Fig. 11 Pseudoscalar meson solution with excitation number n — 49; i.e. the solution plotted in (a) has 
49 zeros. Most of them concentrate in the far IR, but the solution is still smooth close to the centre (b). 
Increasing the excitation number scans the IR in more detail, where scalar and pseudoscalar meson mass 
are different. Therefore it is not expected to find mass degeneracy when increasing n further. (Note that 
Cartesian fluctuations as opposed to polar fluctuations in z and 6 have been plotted. The mass spectrum 
is independent of this choice.) 
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Coordinates 



12 3 


4 5 6 7 


8 9 


^^^^^^ 












ym,n,... 


















X'^^b,... 




^^^^ X^'^'^^^^^^^ 



Table 6 Index Conventions 



which allows to introduce the (anti-Hermitean) quaternion basis 

^4,5, 6, 7 = (i74,5,6, !)• 



(5.1) 



The reader shall be reminded that in this basis 80(4)4557 transformations of y™ can be also 
written as 



(5.2) 



with Ul and Ur elements of SU(2)l and SU(2)i^ respectively. Since the vector (0,0,0,?/'') is 
invariant under transformations Ul = {Uii)~^, rotations in the first three coordinates 80(8)456 
can be identified with the diagonal subgroup diag[8U(2)L x 8U(2)i{]. 

5.3 Dual Field Theory 

On the string theory side, the setup discussed here is that of a stack of D3-branes and a parallel 
stack of D7s. In the decoupling limit, this amounts to considering type IIB supergravity (sUGRA) 
on Ad85 X 8^^ with Nf probe D7-brancs, which is dual to an A/" = 2 gauge theory obtained from 
coupling Nf M — 2 hypermultiplets in the fundamental representation to A/" = 4 8U(Afc) SYM 
[20]. 

In A/" = 1 language the Lagrangean of the dual field theory is 

^ = i d^e Tr e^^ e-2^ + Q\ e^^ + e^^ Q''^) 



d^ew + C.C. 



(5.3) 



where the chiral fields <I'i.2,3 and the gauge field V build up the N = A adjoint hypermultiplet, 
which in turn can be split into a,n M — 2 adjoint hypermultiplet composed of $1^2 and an A/" = 2 
adjoint gauge multiplet of V and $3. Q* and Qi are the Nf chiral fields that build up the M —2 
fundamental hypermultiplet, and the superpotential is 



W = Tv{euK^i<^j<^K) + Q.(m, + $3)^* 



(5.4) 
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At finite A^c this theory is not asymptotically free, and the corresponding string background 
suffers from an uncancelled tadpole. However, in the strict probe limit Nf/Nc 0, the contribu- 
tions to the 't Hooft couplings (3 function, which scale like Nf/Nc, are suppressed. Furthermore 
the dual AdS string background has no tadpole problem because the probe D7-branes wrap a 
contractible S'^. Although contractible, the background is stable, since the tachyon associated 
with shrinking the S'^ satisfies (saturates) the Breitenlohner-Freedman bound [21]. Moreover the 
AdSs X S'^ embedding has been shown to be supersymmetric [88]. 



5.3.1 Higgs Branch 

In terms oi Af = 2 multiplets, the theory consists of an adjoint gauge and hypermultiplet, which 
form the Af — i hypermultiplet oi Af — A SU(A'c) SYM, and Nf fundamental hypermultiplets. 
When the scalars of the latter acquire a VEV, the theory is on the Higgs branch. 

While the scalars 0i.2 of the adjoint hypermultiplet independently may also have a VEV, VEVs 
of the Af = 2 gauge multiplet's scalar 03 prohibit a VEV for the fundamental hypermultiplets. 
Refining the discussion for the components gives rise to the mixed Coulomb-Higgs branch. The 
superpotential in A/" = 1 language is^* 



with index i enumerating the Nf = 2 hypermultiplets. 

Assume that a small number k of the components of ^3 obtain a VEV, 



(5.4) 



/O 



v 



(5.5) 



-vj 



which is dual to separating out k D3-branes from the stack, and moreover that these VEVs are 
exactly such that some of the components of r7i+(03) vanish, v — m, which is dual to the singled out 
D3-branes coinciding with the D7-branes. Then F-flatness conditions qi{(f>3+m) = {<j>3+m)q'^ — 
permit the corresponding 2k components of the fundamental hypermultiplet to also acquire a 
non- vanishing VEV 



{qi)ixN, = (0 



f3- 



li 



(5.6) 



These VEVs, which are further constrained by additional F- and D-fiatness conditions, are the 
string theory dual of the D3-branes that coincide with the D7-branes to be dissolved [89] in the 
D7-branes and form instantons in the gauge fields of the D7s. This process is caused by the 
Wess-Zumino coupling Swz ^ J ^'[C(4)] A F A F. Note that the backreaction of the dissolved 



There are three adjoint = 1 chiral fields 'I'i,2,3 with lowest components 4'1,2,3 and one real field V, which 
forms an A/" = 2 gauge multiplet with $3. The A'^^ chiral fields and Qi make up the J\f = 2 fundamental 
hypermultiplet and have lowest components and cji. 
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D3-branes can only be neglected when their number k is small in comparison to Nc- Specifically 
in this Chapter fc = 1 will be assumed. 

Taking into account the breaking of SU(2) x SU(2) f to its diagonal subgroup, which is mediated 
by the instanton configuration on the supergravity side, the structure of the VEVs is as follows 



/O 







with a = 1, 2 the SU(2)/j index and qi = q, q2 ^ q 



\ 



V 



/ \ 





(5.7) 



5.4 Supergravity 
5.4.1 Instantons 

In Yang-Mills (ym) theories, instantons arise as finite action solutions from the semi-classical 
approximation to path integrals, which requires to find all solutions that minimise the Euclidian 
action. These solutions, (anti-)self dual gauge field configuration of arbitrary topological charge 
k, can be found from a set of algebraic equations, the so-called ADHM constraints due to Atiyah, 
Drinfeld, Hitchin and Manin. These equations are non-linear and cannot be solved in general 
because of their complex structure, though there has been recent progress in AdS/CFT inspired 
large Nc considerations [90]. In particular the four dimensional ADHM constraints arise from D 
and F-flatness conditions of D(p -I- 4)-branes probed by Dp-branes [91, 92]. 

Although the ADHM formalism works for all non-exceptional groups, the focus here will be on 
SU(A^) theories in Euclidian space. Consider the following action. 



S 



2 

mn 



iOk, 



with the topological charge and field strength 

^2 

d'^yTiF, 



k := - 



9 



167r2 

Finn • — n^ninklFjil 



mn J- mn ; 

^n] 



keZ, 



(5.8) 

(5.9) 

(5.10) 
(5.11) 



and anti-Hermitean gauge field such that the covariant derivative reads = dm + 9 Am ■ 

Instantons with negative topological charge, also known as anti-instantons, will not be consid- 
ered here. The action is minimised by self dual solutions 



*F 



±F„ 



-2'KikT k > 0, 



(5.12) 



with the complex coupling r = ^ -|- 

The self-dual SU(2) instanton solution, also known as the Belavin-Polyakov-Shvarts-Tyupkin 
(bpst) instanton [93] , is given by 



— 1 2(^777, YfYi^df^ 



mn y 



with the instanton moduli A (size) and y™ (position). The Lorentz generators are given by 



(5.13) 



(5.14) 
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and it holds 

fmn — '^Smnkl'^kl J ^mn = '^Smnkl'^kl ■ (5.15) 

The above identification of gauge indices with vector indices expresses the instanton breaking the 
SU(2)i, X SU(2) to its diagonal subgroup, with SU(2)i from the double covering group of the 
Euclidian Lorentz group S0(4) and SU(2) the gauge group. 

The BPST instanton falls off slowly for large distances, which creates convergence problems of 
various integrals. A well known solution in the instanton literature is the use of a singular gauge 
transformation 

\y-Y\ 

which transforms the non-singular instanton solution to a singular one, 

_ 1 2A^(j/ - y),„a„„ 

that has better large distance behaviour. This particular gauge transformation also associates 
SU(2)fl with the gauge group, such that (5.17) breaks the SU(2)i, x SU(2)k x SU(2) to SU(2)i, x 
diag[SU(2)fl x SU(2)]. Note that also in the instanton literature a known consequence of (5.16) is 
the modification of boundary terms. Therefore consequences for the AdS/CFT dictionary are also 
to be expected. 

5.4.2 D7-brane Action 
As a reminder the AdSs x background as given in (3.1), (3.5) is 

ds^ = H-^'^{r) Tjf.^dx'^dx" + H^^^{r) (dy^ + dz^), (5.18) 



with 



Hir)^^, r^=y^ + z^, (5.19) 

7 

- AngsN^f, y' - ^ y^y", (5.20) 



m=4 



d,tl-H-\ z' = {zr + iz')\ (5.21) 



^0123 



(5.22) 



The constant embedding 

z^ = 0, z^ = mq (5.23) 

defines the distance rhq = (2T:a')mq between the D3 and D7-branes and therefore determines the 
mass rriq of the fundamental hypermultiplet. 
Moreover it yields the induced metric (3.3) 

dslj = H-^'^{r) rif.^dxf'dx'' + H^'^{r) dy^, 

(5.24) 

r2=y2 + (2W)2m2, ^ y'V" 
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on the D7-brane. 

At quadratic order, the non-Abehan DBI action (2.31) and the Wess-Zumino term (2.25) are 
respectively 



'S'dbi — — 



J dP+i^STre"'^ V-det Gat 



/ d^xd^y Tr 



2i?(r)P^$I?^$ + 2r',„4>r»™$+ 

H (v^F'fjijiF'iY^ 



(5.25) 



Swz — 



/2 
STr ^ P[C'-^^] AF AF 

Tr^ J Tr R-^ {r)F„,n\Frs dx° A...dx^ A dy"" A dy" A dy'' A dy" 
T^ll Jd^xd*yH-\r) Tr F,„„ * F„„ , 



(5.26) 



where $, $ = $^ ± 7 = 2Tra' and the Hodge dual is *F„ 



gFrs, with the epsilon 



symbol £4557 — 1. All indices have been lowered and are now contracted with a Minkowski metric 
Vab = iVp.i'T ^mn)- This wiU bc true for all subsequent expressions in this Chapter, providing a 
convenient framework for the discussion of solutions that are self-dual with respect to the flat 
metric 5mn- 

These solutions arise because there is a (known, cf. [91, 92]) correspondence between instantons 
and the Higgs branch. The discussion in this thesis will be confined to quadratic order, where 
the DBI and Wess-Zumino term due to Fmn{Fmn ~ *Fmn) = '^F^^F^^ complement one another 
to yield 



S ■ 



d xd y Ti 



H {t^ F F -j- 2,FjjiijFiYii,-\- 
2H {r)F^^F^ 



(5.27) 



This action is extremised by the configuration 



F- 



F^l/ Fyyi^i 



0, 



(5.28) 



which is manifestly self-dual with respect to the D3-transversal flat metric 5mn- The particular 
background configuration that will be investigated here, 



2A (Trnnyn 

yWn^y 



$0 = rhq, 



(5.29) 



takes the singular gauge instanton (5.17) as an ansatz for (5.28) that brings the correct boundary 
behaviour for the AdS/CFT dictionary as will be seen below. 



The explicit expanded form of the non-Abelian DBI action is only known to finite order, cf. [94] for terms at 
sixth order. The existence of instanton solutions puts constraints on unknown higher order terms [95, 96]. 
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5.5 Meson Spectrum 

Now the meson spectrum for fluctuations about the above background shaU be calculated. Obvi- 
ously there should be massless mesons corresponding to changes of the instanton moduli, size (A) 
and position (not explicit in the above ansatz, since the instanton is simply located at ym = 0). 
These will be ignored and concentration will be instead on the more interesting fluctuations of 
the gauge fields and scalars. The simplest modes are vector fluctuations of type II, cf. eq. (3.22b), 
and scalar fluctuations, both in the same supermultiplet and in the the lowest representation of 
SU(2)l X diag[SU(2)fl x SU(2)/]. In particular this means that the fluctuations will be assumed 
to be independent of angular variables in the D3-transversal/D7- longitudinal coordinates; i.e. in 
the language of the analytically solvable scenario of Chapter 3: I 



5.5.1 Vector Fluctuations 

In accordance with the coordinate splitting Xa — x^,ym performed in the action (5.27), fluctua- 
tions of the form A '■— A — A™^^ will be considered. The simplest ansatz for gauge fluctuation, 
which at the same time is most interesting due to describing vector mesons, is given by "Type 11" 
fluctuation (3.22b) in the language of Kruczenski et al., see Chapter 3. This particular ansatz is 
non-trivial in the D3-longitudinal components only, such that the simplest non-Abelian choice is 
a singlet under SU(2)i and a triplet under diag[SU(2)7? x SU(2)/]. An obvious ansatz is given by 

^M^"^ = Uk)I{y) e''-"- T^ y2 ^ ^^^^^ ^5 30) 

and 

Afi ~ A^,^ Am — A^ . (5.31) 



The Euler-Lagrange equations 



for the action (5.27) are 



I>M (-ff^M-) + ^.n^m<> = 0, (5.34) 

2?^F^„-H2P„[i/-i^;;„] =0. (5.35) 
To linear order the former becomes 9^A^ = 0, which is solved by fc^i^^ — 0, while the latter reads 

Ud^d^A, -f A, + g dm [A\T ,M 

+g[A^T, dmA.] +g^[A^'\ [A^'\ A]] = 0, 



which for the ansatz (5.30) yields 

A'PL^ 8A4 1 







(y2 + (27ra')^™^)^ y'^iy^ + A-'^)^ ^ 



fiy), (5-37) 



where Af^ = —k^k^ in accordance with having chosen a Minkowski metric with mostly plus 
convention for contraction of flat indices. 
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For numerics it is convenient to join the two parameters quark mass and instanton size by 
rescaling according to 

such that equation (5.37) becomes 

AP 8A4 1 



= 



/(y). (5.39) 



At large y (5.39) has two linear independent solutions whose asyniptotics are given by 
with w = 0,2. The normalisable solutions corresponding to vector meson states behave as 
asymptotically. From standard AdS/CFT correspondence, one expects w = A and w = 4 — A, 
where A is the UV conformal dimension of the lowest dimension operator with the quantum 
numbers of the vector meson. However, the kinetic term does not have a standard normalisation; 
i.e. the radial component of the Laplace operator appearing in the equation above is not (only) 
and consequently an extra factor of y", for some a, appears in the expected behaviour; so the 
exponents actually read i(; = Q! + A,Q! + 4— A. From the difference it is read off that A = 3. The 
dimensions and quantum numbers are those of the SU(2)y flavour current, 

Jt. = -V>'7Mf^'y^T' + 9™ 5^ tT^, , (5.40) 

with a the SU(2)fl index and i,j the flavour indices. This current has SU(2)/j x SU(2)l x U(l) 
quantum numbers (0, 0)o. 

The asymptotic behaviour of the supergravity solution is 

A^,^^^^^^{k)e^'--f{y)Sab-y-'{a,^,k\J,^{x)\0), (5.41) 

where is the SU(2) / flavour current and |a, ^, k) is a vector meson with polarisation ^, momen- 
tum fc, and flavour triplet label a. Note that the index b in -4^^^^ is a Lie algebra index, whereas 
the index (a) labels the flavour triplet of solutions. 

The meson spectrum is numerically determined by a shooting technique using interval bisection 
to find the values that admit solutions to (5.39) that are regular (c2 = for IR behaviour 
ciy^ + C2y~^) and normalisable (ci = for UV behaviour ci + C2y~^). The result for the lowest 
lying modes is shown in Figure 12. 

In passing it is noted that the second term in (5.39), which comes from the term in the 
equation of motion (5.36), is roughly the instanton squared and up to numerical constants would 
have been ?/^/(y^ + A^)^ for the instanton in non-singular gauge. This contribution would have 
changed the UV behaviour of f{y) and therefore prohibited to make contact to the SUSY case in 
the limit of zero instanton size, where (5.36) can be solved analytically. 

In the limit of infinite instanton size, one might expect the same spectrum since the field 
strength vanishes locally. This corresponds to infinite Higgs VEV in the field theory, which reduces 
the gauge group from SU(iVc) to SU(A^c — !)■ This difference is negligible in the large Nc limit 
and one might expect to return to the origin of moduli space. However there is a non-trivial shift 
of the spectrum, which makes the flow from zero to infinite Higgs VEV not quite a closed loop as 
can be seen in Figure 12(b). 

Since at both ends the analytic spectrum in reproduced, it should be possible to capture this 
behaviour in the equation of motion (5.36). Indeed a simultaneous treatment of both cases can 
be achieved by rewriting (5.36) in the suggestive form 







(y2 + 1)2 y2 y. 



fiy), (5.42) 
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(b) Numerically determined meson masses. 

Fig. 12 Each dotted line represents a regular solution of the equation of motion, corresponding to a 
vector multiplet of mesons. Plot (a) shows the five regular solutions of (5.39) corresponding to the lightest 
meson masses in (b). The units on axis of ordinate in (a) are arbitrary because (5.39) is a linear equation. 
The vertical axis in (b) is \/XM/mq where M is the meson mass, A the 't Hooft coupling and the quark 
mass. The horizontal axis is v/ruq, where v = K/2-Ka' is the Higgs VEV. In the limits of zero and infinite 
instanton size (Higgs VEV), the spectrum (grey horizontal lines) obtained analytically in Chapter 3 is 
recovered. 



52 



J. Grofie: QFTs Coupled to SUGRA: AdS/CFT and Local Couplings 



with £ — 0,2 for zero or infinite A respectively. 

This is the same equation (3.f0) that was found for fluctuations about the trivial background 
A"' = 0, but i was given rise to by excitations on the internal manifold. The ansatz was 

A"" = e^(fc) e*^'""' /(zj)y (S^), (5.43) 

with 3^^(S'^) the scalar spherical harmonics on S"^ transforming under (|,|) representations of 
SU(2)l X SU(2)ii;. [24] found that (5.42) can be solved analytically in terms of a hypergeometric 
function (3.f 2) parametrised by n and £, which by regularity and normalisability become quantised 
and yield the discrete spectrum 

M2 = 4(n + £+ l)(?i + ^ + 2), n,£>0. (3.24) 

For intermediate values of the instanton size, a flow connecting the analytically known spectra 
is expected and could be confirmed numerically, see Figure 12(b). 

It remains to comment on how it is possible to continuously transform a spherical harmonic 
in the (0,0) of the unbroken SU(2)i x SU(2)/j into one that transforms under the (1, 1), while 
SU(2)l is unbroken along the flow.^" The solution to this puzzle is that the instanton in singular 
gauge does not vanish in the limit of large instanton size, while in non-singular gauge it does. So 
the spectrum at large instanton size is related to the one at zero instanton size exactly by the 
singular gauge transformation (5.16), which reads 

m m 

This gauge transformation is large. While in the instanton literature it is merely employed as a 
computational trick to improve convergence of numerical calculations for large distance from the 
instanton core, in this setup it has physically observable consequences because the large distance 
behaviour is related to the conformal dimension of boundary operators. It also does not leave 
the global charges under SU(2)l x SU(2)ij x SU(2)/ invariant: Acting on the ansatz (5.30), the 
singular gauge transformation (5.16) yields 

„,m ri 

^M*"^ = Uk)fiy) e^'^"^ [:^a'»r''a"] . (5.45) 

The parenthesised expression should be the £ = 2 spherical harmonic. Due to a'^T'^a'^ being trace- 
less, there is indeed no singlet contribution. Moreover a spherical harmonic should be independent 
of 1 2/ 1 as is true for ^ ^1 . With g*-' the metric on the three sphere it holds 

dmdmy' - 2;"'V,.g'^ Vj-y - -£{£ + 2) y-^ ^ , (5.46) 
which is also satisfied by (5.45). 

5.5.2 Scalar Fluctuations 

The mesons arrange themselves in massive J\f = 2 multiplets, some of which are obtained by 
different, scalar ansatze for the gauge fluctuations (5.30). In addition, there arise mesons from 
fluctuations of the scalars in (5.27). For these the equation of motion reads 

Hd^df,^ + I?m2?m$ = 0, (5.47) 



SU(2)fl X SU(2)j is broken to diag[SU(2)i{ X SU{2)j] except at zero and infinite Higgs VEV. 
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Fig. 13 Numerical results for the meson mass spectrum as function of the quark mass. Both for 
niq/A and for m^/A — > oo, the curves become linear, however with different slope. The asymptotic 
slopes correspond to the constant values approached in Figure 12(b). 



54 



J. Grofie: QFTs Coupled to SUGRA: AdS/CFT and Local Couplings 



where 



(5.48) 



which coincides with the equation of motion for the gauge field (5.36) except for the vector index 
present. Therefore the same ansatz up to a polarisation vector 



yields exactly the same radial differential equation (5.39) and the same mass spectrum, Figure 12. 

The scalar fluctuations (5.49) are dual to the descendant QQ{qi(t) of the scalar bilinear g^g*, 
which has conformal dimension A = 3. At A = the scalar bilinear is in the (0,0) representation 
of the unbroken SU(2)l x SU(2)i(; symmetry. 

6 Heavy-Light Mesons 

This Chapter is similar in spirit to the D3-D7 systems discussed so far, though different in imple- 
mentation. The reason is that while fundamental fields are still assumed to arise from D7 branes 
in a — possibly deformed — AdS space, the requirement to describe quarks of vastly different mass, 
as needed for heavy-light mesons, makes those quarks arising from a stack of coincident D7-branes 
being no longer a good approximation. In this regard, heavy-light mesons are intrinsically stringy 
and cannot be captured by the DBI techniques discussed in the previous Chapters. Unfortunately 
as full quantised string theory on AdS is not well understood, the question arises of how to transfer 
such features into a supergravity framework. 

Here idealised heavy-light mesons will be considered, composed of a massless and a very massive 
quark, such that in an appropriate background, the light quark may exhibit dynamical chiral 
symmetry breaking, while the heavy quark does not. For now, let us stick with the AdS case. 
Clearly the geometric picture is that of two parallel (probe) D7-branes in a background determined 
by a stack of D3-branes. The different quark masses correspond to the two different separations of 
the D7-branes from the D3 stack. Strings describing heavy-light mesons now differ from light-light 
and heavy-heavy ones, whose ends are attached to the respective same brane, by being stretched 
between the two different D7-branes. In the limit where the heavy quark is much heavier than 
the light quark, henceforth called large separation limit, the string becomes very long and admits 
a classical description. 

To obtain a description both simple and similar to the examples studied so far, the ansatz of a 
rigid non-oscillating string is chosen that moves in the AdS radial direction along the D7-branes, 
with the essential assumption that oscillations and longitudinal movement are suppressed in the 
large separation limit. Integration of the Polyakov action along the string can then be per- 
formed, yielding effectively a centre-of-mass movement weighted by a factor from averaging over 
the geometry between the two D7s. To obtain a field equation, nai've quantisation is performed, 
which results in a modified Klein-Gordon equation. (In a Minkowski space, this procedure yields 
the conventional, unmodified Klein-Gordon equations.) After the AdS case, the discussion will 
be moved on to the dilaton deformed background by GKS introduced in Chapter 4 and a similar 
background by Constable-Myers. Both exhibit chiral symmetry breaking. While these are known 
to be far from perfect QCD gravity duals, experience shows that even simple holographic models 
can reproduce measured mass values with an accuracy of 10-20%. Assuming the two respective 
quark fiavours associated to the D7-branes being up and bottom, the mass of the rho (uu) and 



On the field theory side at large separation; i.e. large quark mass mu, effects distinguishing vector from 
scalar mesons are suppressed by mj^ . Indeed the formalism described here is not capable of capturing such a 
difference and meson masses are thus manifestly degenerate. 



la 



(5.49) 
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Fig. 14 The geometry of the D3-D7 system under consideration [97]. 



upsilon (bb) meson can be used to fix all scales in the theory and yield a numerical prediction for 
the B meson mass, which indeed is less than 20% from the experimental value. 

6.1 Heavy-Light Mesons in AdSs x 

As shown in Chapter 3, quarks can be introduced into the AdS/CFT correspondence by augmenting 
the D3 stack with a stack of probe D7-branes [20]. The backreaction of the Nf D7-branes on the 
AdSs X geometry (3.1) formed by the Nc D3-branes may be neglected as long as Nf <^ Nc] i.e. 
Nf is kept fixed in the 't Hooft limit. 

„2 7-2 

ds^ = —n^^dx^'dx'' + — dr^ + L'^d^l, (6.1) 

This corresponds to the quenched approximation of lattice gauge theory on the field theory side. 
The D7-branes wrap an AdSs x geometry when coincident with the D3s. When separated the 
corresponding M ~ 2 hypermultiplet acquires a mass and the D7-branes wrap a geometry 

y2 _|_ ^2 j2 r 2 2 

ds^ = -^,,.d.^d.^ + -^dy^ + ^d^l (6.2) 

which is only asymptotically AdSs x and does not fill the complete AdSs background, but 
instead terminates from the five-dimensional point of view and drops from the IR dynamics. This 
configuration is shown in Figure 14. The meson spectrum can be determined analytically [24] and 
the degenerate mass of the scalar and pseudoscalar meson is given by 

Ml = ^{n + l+l){n + £ + 2). (6.3) 

These mesons are build up from quarks carrying all the same mass; i.e. they form "light-light" 
or "heavy-heavy" mesons depending on the distance ifiq — {2'Ka')mq between the D7-branes and 
the D3 stack. When considering two D7-branes with different distances tol and rriH to the D3 
stack, there are accordingly two towers of mesons Mh and Ml whose lightest representatives have 
a mass ratio of and which come from strings having attached both ends to the same brane. 
The configuration is shown in Figure 15. Strings stretched between the two branes should then 
form a set of mesons composed of a heavy and a light quark. 

In the limit mn ^ niL the string becomes very long and will be assumed to be in the semi- 
classical limit, where quantum effects to the unexcited string can be neglected. The string de- 
scribed here will therefore approximate above mesons, which by construction will be degenerate. 
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Heavy quark 
DV brane ~ 



Light quark 
D7 brane - 



HL 



HH 



LL 



D3« 

Fig. 15 The brane configuration including both a heavy and a light quark. The 77 and 7'7' strings 
are holographic to light-light and heavy-heavy mesons respectively. Heavy-light mesons are described by 
strings between the two D7-branes. 



The gauge-fixed Polyakov action will be taken as a starting point 

T 



Sp = -- I dadTG,,,(-X^X'^ + X'^X"^), 



such that the constraints 

G^.X'^X"' = 0, 



(6.4) 



(6.5) 



have to be taken into account. 

The two D7-branes are assumed to be separated from the D3 stack in the same direction 9 — 0; 
i.e. the string connecting them will obey a = z, where a is the spatial world sheet coordinate and 
ze^^ = + iz^. While the string will be allowed to move along the world volume of the D7s, it 
shall be stiff such that integration over a can be performed to generate an effective point particle 
action. With the embedding 



X 



ix^{T),y"^{T),z^ = 0,z^^cT), 



(6.6) 



which implies X'^X'^ — automatically, and the AdSs x geometry (6.1), the Polyakov action 
reads 



I dr I da 



(2/2+(j2) 



yyr 



(j/2 + cr2) 



(6.7) 



where y = \y\ = JE,;=4,5,6.7(y')^- Integrating over a yields 



I / dr [-f{y)x'-g{y)f + g{y)] 



with (choosing m^, = 0) 



(6.8) 



/(y) = Jliv^^H + ^m%), 



£2 

9(y) = — arctan . 

y y 



The remaining constraint equation Gf.^iX'^X'' + X'^^X'") = is 



(2/2 + a2) 



yy^ + 



i2 



(2/2 + cr2) 



(6.9) 



(6.10) 
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which gives 



f{y) 



pI 



Pv 



9[y) " 

dXa ' 



(6.11) 



when integrating over a. The same calculation for Minkowski space gives /(y) = g{y) = niH, such 
that one obtains = + . For AdS space the mass m depends on the position of the string 
y via the factors f{y) and g{y), which average over the geometry between the two D7-branes. 

For the quantisation prescription p i-^ —id, the following modified Klein-Gordon equation is 
obtained 



gyy) 



{x,y) = Q. 



(6.12) 



The usual procedure for this kind of equations is to find the correct background solution, which 
by assumption only depends on the radial direction y and find fluctuations about this solution. 
By a separation ansatz these fluctuations can be seen to be a plain wave in the x direction and 
spherical harmonics in the angular coordinates $13(2/^'^'^'^). The remaining equation for the radial 
coordinate y often has to be solved numerically. 

In the UV limit y ^ 00, (6.12) is dominated by the Laplace operator in the y directions due to 
* and / g — > 1 , such that 



y 



= 0. 



■ y-r-^- (6.13) 

When (j) only depends on y, the solution has the form required to couple to the VEV and source 
of a heavy-light quark bilinear ipH'^pL- 

0(y ^ 00) = m^L + + ■ • ■ (6.14) 

However there are no heavy-light mass mixing term and no heavy-light bilinear condensate in 
QCD, so (j){y) = is chosen. 

Assuming a singlet under SU(2)l x SU(2)fl, the ansatz for hnearised fluctuations about above 
vacuum solution reads 



= + /i(y)e^' 



(6.15) 



where h{y) shall be regular in the IR and normalisable h{y 00) ^ y^^. Only for a discrete 
set of values for Mhl this requirement can be satisfied. For numerics it is convenient to employ 
rescaled coordinates y = mn y, such that equation (6.12) reads 



A arctan i 

V 



y 



1 

3^ 



arctan ■ 



1 M^L" 



h{y) = 0. 



(6.16) 



y my 

The 't Hooft coupling A arises from i?"'/(27ra') — gsNc/TT. The mass ratios yielding regular 
normalisable solutions to (6.16) have been plotted in Figures 16 and 17. It can be read off 



L2 



1 



const. 



O(A-i) 



(6.17) 



In the large A limit, Mhl = it^h is approached in agreement with the nai've expectation of the 
meson mass being equal to the string length times its tension. For comparison in Figure 17 the 
mass ratio is plotted for small values of the 't Hooft coupling, where supergravity is not a reliable 
approximation anymore. 
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Mhl 
rfiH 




VXMhl 
rriH 




Fig. 16 The mass ratio of the heavy-light meson and the heavy quark mass (the light quark is taken 
to be massless) as a function of the 't Hooft coupling for the AdS background. In the large A limit, 
tuh) behaves as 1 + const. /VA + 0(\ ^). The black line in the second plot corresponds to 
MhlL^ = {2na')mH- 
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6.2 Dilaton Flow Geometries 

The Af = 2 SYM considered so far provides a basis for studying meson spectra since it gives 
analytic expressions for solutions and masses consisting of identical quarks. However it does not 
capture a number of phenomenologically relevant features like chiral symmetry breaking since 
chiral symmetry breaking requires SUSY breaking. The setup discussed now improves at least in 
that regard by providing a simple geometry that describes a non-supersymmetric dual of a large 
A^c QCD-like theory and thus exhibits dynamical chiral symmetry breaking. 

The first background discussed is the dilaton deformed background by Gubser, Kehagias- 
Sfetsos, which has been described in Chapter 4. It is demonstrated that the semi-analytic pre- 
diction of the AdS case is reproduced in the large heavy-quark limit. Then the same procedure is 
applied to the similar geometry of Constable and Myers, but it turns out that in this setup the 
heavy-light meson spectrum does not approach the AdS spectrum in a similar manner. 

6.2.1 GKS Geometry 
Let me remind the reader that the GKS geometry is given by, cf. (4.26), 

dslo = gxx{r)dx\^^ -f gyy{r){d]f + dz^), 

r I 

9xx{r) = ;p V 1 - T-^-, 

I?- 

Oyyir) ^ gzz = (6.18) 
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Fig. 18 Chiral symmetry breaking embeddings in the GKS geometry. 



where Einstein frame has been used and the coordinates have been rescaled such that infra- 



red singularity resides at r = 1. The coordinates y 



4,5,6,7 



and 



are on equal footing and 



can be interchanged by S0(6) transformations until probe D7-branes, which break the S0(6) 
to S0(4) X S0(2), are introduced to obtain quarks. The D7-branes are embedded according to 



|z9 



zo{y), which yields the following equation of motion 



d_ 

dy 



, ^ z'Jy) ^y\/l + z'{y)^^f. 

(r"* + l)(i+'^/2)(r4 _ j^)(i-A/2) 



(6.19) 



=y^ + zo{yf, A = V6. 



At large y, solutions to (6.19) take the form 



zo 



(6.20) 



which by standard AdS/CFT duality corresponds to a source of conformal dimension 1 and a 
VEV of conformal dimension 3 in the field theory. The former corresponds to the quark mass 
TTiq = ifiql {2'iTa') and describes the asymptotic separation ifiq of the D3 and D7-branes, the latter 
is the bilinear quark condensate c ~ (V'V')- The factor of rp, which gives the position of the 
singularity, arises from the coordinate rescaling used to remove tq from the metric and equations 
of motion. 

Requiring regularity in the IR by i9yZo(0) = fixes the quark condensate as a function of the 
quark mass, see Section 4.6. Some regular solutions to (6.19) are plotted in Figure 18, which 
provide the D7 embeddings that are used as the boundary conditions for the heavy-light string in 
the following. 
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The Polyakov action (6.4), which due to being in string frame requires additional factors of 
Q'fl'^^ reads for this background 



Sp = / <i-T 



za{mH) 



dzo 



Qxx^ ■^a e*^^ OyyV Vi e"^^ Qyy 



(6.21) 



with the metric factors and dilaton from (6.18). 

One obtains again an equation of motion of the form 



Ul + lH^l~T^g{y)f{y) 



^ 9{y) 

where the coefficients /(y) and g{y) this time are given by 



(x, y) = 0, 



2o(mff) 



giy) = 



dzo e"^/^ gyy 



(6.22) 



(6.23) 



The integration limits in (6.23); i.e. the positions of the D7-branes, are given by the solutions 
to (6.19), which are only known numerically, such that /(y) and g{y) also require numerics. 

For an ansatz describing a field theoretic vacuum = (jioiv): equation (6.22) has the same UV 
behaviour as the AdS case, (f>o{y — > oo) fauL + chl where mnh corresponds to heavy-light 
mass mixing term and chl to a heavy-light quark condensate. Because both are absent in QCD, 
fluctuations about the trivial vacuum (j)o{y) = are considered. Plot 19 shows the mass spectrum 
of normalisable, regular solutions 



ik-x 



as it can be obtained from 



A2 



5(j) = (l){y)e 



0(f , ?7) = 



(6.24) 



(6.25) 



with A = ro/(27ra') the QCD scale. / and g can be obtained from (6.23) by setting L = 1. 
The light quark mass has been set to zero to describe a quark experiencing dynamical chiral 
symmetry breaking, while the large quark mass mn is varied. 

The spectrum obtained is very similar to that of the AdS geometry. To make the deviations 
caused by the deformation more visible, the binding energy has been plotted. In Figure 19 it 
is shown for A = 100 as a function of the quark mass. It is also shown as a function of the 
't Hooft coupling with the (for now arbitrary value of the) heavy quark mass niH = 11.50 A. The 
binding energy approaches its AdS values for niH — *■ oo, but highly excited mesons converge more 
slowly. Both features can be understood from the spectrum of light-light /heavy-heavy mesons in 
Chapter 4. The higher the quark mass, the higher is the energy scale, where the brane "ends" 
and decouples from the spectrum. At high energies supersymmetry is restored and the light-light 
mesons become degenerate. While the effect is the same for the heavy-light mesons, that argument 
is not quite true anymore since the light quark has been set to be massless all the time — at least 
one end of the string stays close to IR region. However the centre of mass of the heavy-light string 
moves farther away from the interior of the space when the heavy quark mass grows. The effective 
averaging of the geometry in (6.23) takes into account more and more of the geometry far from 
the centre, which is nearly AdS. 

At the same time highly excited mesons probe the IR more densely as has been seen in Sec- 
tion 4.8, so they require the string to be stretched much more to allow neglecting the vicinity of 
the singularity. 
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Fig. 19 The binding energy of the heavy-light meson masses as a function of the heavy quark mass 
for A = 100 (first plot) and as a function of the 't Hooft coupling for tuh = 11.50 A (second plot). The 
respective AdS values are shown as gray lines in the background and are approached in the limit of large 
values of the heavy quark mass, while for small values effects of the chiral symmetry breaking are seen. 
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6.2.2 Constable-Myers' Background 

The particular geometry considered here is a dilaton deformed AdS geometry introduced in [46], 
which has been employed by [86, 98] to describe chiral symmetry breaking in AdS/CFT. Like the 
background of the previous Section it is a warped AdSs x geometry with a running dilaton that 
preserves S0(l,3) x S0(6) isometry. 
The background is given by 



H ^X" -1, 



^=26?' 



X = 

C(4) = 

= 10 



r4 - 64 ' 



Y = 



A dx-i 



5\ 



(6.26) 



with = 'if' + . R and b are free parameters and will be set to 1 for the numerics, since that 
allows to make contact with [86], where the same choice has been made. The authors of [86] 
embedded the D7-branes according to z = + iz 
of motion 



zoijj) and obtained the following equation 



d_ 
dy 



y/1 + (dyZo)'' 



'■(dyzo) 



l + {dyZor^[e^g{y,zo 

OZq 



where 



G{y,zo) = y 



3 ((y2 + z^r + iy+^/'{{y' + zlf 1)1-^/2 



(2/' + 4) 



2U 



(6.27) 



(6.28) 



This is the same equation as (6.19) albeit with a free parameter A, which in the GKS geometry 
has the fixed value -s/H- The asymptotic behaviour and their field theoretic interpretation are the 
same as for the GKS background and have been reviewed in the previous Section. Note however 
that only the particular combination e"^ ^/—g appearing in the equation for the vacuum embedding 
(6.27) coincides in both backgrounds. On the level of meson spectra, the results for light-light 
mesons are similar but not identical to those in GKS. 

Expanding the DBI action (2.15) to quadratic order in fluctuations (4.12) yields (4.19) for a 
vector meson ansatz, that is an ansatz of the form = £,tJ.Sp{y) e^^'^ , = —k^ for the D7 gauge 
field. The vector meson radial equation (4.19) reads for the Constable-Myers background 



with 



and 



dy{K^{y)dy5p{y)) + M^^K2{y)dp{y) = 0, 

Xl=xl/v(l+z^,2)-l/^ 



K2 = HX^-'^/^Y^y^{l + z'^y 



1/2 



X = 



{y^ + zl? + i 



(y^ + 4) 



2^2 



1' 



Y = 



{y' + z^y 



The Polyakov action 



5p = -| 1 dr [-fiy)x^ - 9{y)f + g{y)\ 



(6.29) 



(6.30) 



(6.31) 



(6.32) 
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Fig. 20 The binding energy of the heavy-light meson masses as a function of the heavy quark mass 
for A = 100 (first plot) and as a function of the 't Hooft coupling for mH = 12.63/At, (second plot). The 
respective AdS values are shown as gray lines in the background and are approached in the limit of large 
values of the heavy quark mass, while for small values effects of the chiral symmetry breaking are seen. 
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preserves its AdS form but the coefficients are now 



zo(niff ) 



/(y) 



-liy) 



dzo (xi/2_i)-i/2x^+i, 



(6.33) 



zo(mH) 



(6.34) 



with X , Y defined in (6.31) and the integration hmits are given by the solutions to (6.27). 
Scalar fluctuations of the form (/) = + 5(t){y) e^^'^ yield 



M 



#2 
HL 



(2W)2/(y)„2 
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giy) 



9{y)f{y) 



= 0, 



(6.35) 



with Ah — b/{2TTa') the QCD scale and (27ra')^/6 = 2'it5/\. For boundary conditions dyS4>{0) = 
and S(f>{y —> oo) '--^ cy~^ equation (6.35) determines the meson spectrum. Since it is very similar to 
the AdS spectrum, the binding energy, which demonstrates the deviations more clearly, has been 
plotted in Figure 20 for massless light quark. 



6.3 Bottom Phenomenology 

There has been a number of attempts to apply holographic methods to phenomenological models 
[99, 100], even for the Constable-Myers background of the previous Section [101], successfully 
reproducing light quark meson data with an accuracy better than 20%. That shall be motivation 
enough to compare the heavy-light spectra calculated here with the bottom quark sector of QCD; 
i.e. the massless quark in the setup above will be assumed to play the role of an up quark, while 
the heavy quark, which will lie in the AdS-like region, will be interpreted as a bottom quark. 

In that regime supersymmetry will be restored and the field theory will be strongly coupled 
even though QCD dynamics should be perturbative at this energy scale. These are respective 
consequences of the background being too simple (though a background exhibiting separation of 
scales is not known yet) and an intrinsic feature of the SUGRA version of AdS/CFT that can only 
be overcome by a full string treatment, which is currently out of reach. 

The scales of the theory will be fixed by identifying the mass of the lowest vector meson mode 
with the Rho and Upsilon mesons, which are chosen as input data since they are less sensitive to 
the light quark mass than the pseudoscalar modes roughly corresponding to the Pion, cf. Figure 21 
and Section 4.7 for details. 

From Figure 21 the p mass for the GKS background is read off to be MpL^/rp — 2.93. Preserving 
the physical ratio 

Mr /Mp = 9.4 GeV/770 MeV, (6.36) 

the T mass has to be M^L"^ Itq — 35.8 and the heavy quark mass can be read off to be to;, — 12.7 A. 

The 't Hooft parameter can be determined from the physical ratio of the mass of the Rho and 
the B meson by searching for the value of A for which the numerical value of the lowest heavy-light 
excitation satisfies 

Unfortunately this yields a value of the 't Hooft coupling of A = 2.31. As can be seen in Figure 
22 the mass ratio of the predicted B and B meson reaches its physical value of approximately 
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Fig. 21 Lightest pseudoscalar, scalar and vector mesons in the dilaton deformed geometry (GKS). The 
vector mode for the massless quark is interpreted as a Rho meson, while for the heavy quark mass it yields 
the the Upsilon. See also Section 4.7. 
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Fig. 22 Ratio of the mass of the lowest and first excited heavy-light meson mode for the GKS and 
Constable-Myers background. (They really do look exactly the same, since the different units expressing 
the different dependence on the respective deformation parameter cancel in the ratio.) For large 't Hooft 
parameter the ratio approaches 1, while the physical B/B* ratio (which is 1.01) is reached at A ~ 82. 
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1.01 only for very large A. Identifying Mhl with the physical quark mass Mb = 5279 MeV, one 
obtains a QCD scale of 225 MeV. 

With respect to the B mass ratio, the situation is slightly better for the background by Constable 
and Myers, where the same procedure yields a prediction of A = 5.22. While it is not clear if this 
value is sufficient for the large A approximation inherent in the employed formulation of the 
AdS/CFT correspondence, it gives a prediction for Mb' — 6403 MeV, which is 20% larger than 
the measured value of 5325 MeV. Again a much larger value of the 't Hooft coupling would be 
required to achieve a better agreement. For the QCD scale on obtains — 340 MeV, which is a 
little too high. With mH = 12.63 Af, the physical b quark mass is predicted to be 4294 MeV. 

The overall agreement with experiment is far from perfect. However this does not come as a 
surprise since the b quark mass (rrifc « 12 A in both backgrounds) is far in the supersymmetric 
regime: Restoration of supersymmetry takes place approximately at niq w 1.5 A as can be seen in 
Figure 21. In other words a string connecting a brane describing a light quark and this "b quark" 
has about 80% of its length in the supersymmetric region, which is a good approximation of pure 
AdS. The only way to improve this situation would be to use a (yet unknown) background that 
allows to separate the SUSY breaking scale from the QCD scale. 

Part II 

Space-time Dependent Couplings 

7 Supergravity Overview 

The second part of this thesis is devoted to the discussion of the conformal anomaly in supersym- 
metric field theories, in particular supersymmetric Yang-Mills theories. 

The approach chosen is an extension to superfields of the space-time dependent coupling tech- 
niques Osborn [52] applied to non-supersymmetric theories coupled to a gravity background in 
order to give an alternative proof of Zamolodchikov's c-theorem, cf. Chapter 8. Consequently a 
coupling to supergravity will have to be considered and its superfield formulation shall be reviewed 
in this Chapter. 

In Chapter 9 a discussion of the supersymmetric conformal anomaly will be given. 
7.1 Conventions 

To establish notations, a few basic ingredients for supersymmetry are reviewed in the shortest 
possible manner. Throughout this part, a dotted/undotted Weyl spinor notation is being used. 

The simplest double covering representation of the Lorentz group can be constructed as follows. 
An arbitrary vector v°"^ transforms under a Lorentz transformation A";, S S0(l,3) according to 

^ x'" A%x^ (7.1) 

The double covering group SL(2, C) transforms the same vector according to 

^ (C/";3a/%t"^)x'^ = (7.2) 

with U the element of the double covering group chosen such that coincides with the definition 
(7.1). The matrices (!,(?) are the Pauli matrices augmented by the unity matrix. As an 

aside, the "1 to 2" relation of the two representations can be easily seen from the fact that for 
any U being a solution to (f/"/3crf ''C/^"^) = cTfe^^A^, -U is also a solution. The group SL(2, C) 
leaves invariant the antisymmetric tensors Sap and e^i, defined by 



£i2 — £i2 — — 1, 



(7.3) 
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where the epsilon symbols with raised indices constitute the respective inverse matrices by e^^e^-y = 
S^. Since for any element U of SL(2, C) it holds the relation e"'' = s^^U^"Us^ , the combination 

£"^'0aV'/3 is invariant under tpa '-^ Ua^ijjfj and therefore a Lorentz scalar. In other words, the 
epsilon matrices can be used to obtain contragradiently transforming representations according to 

= Va = s^p^|^P, (7.4) 

r = e''^^^, = e.^^P^. (7.5) 

For the sake of brevity, an indexless notation is often employed for contracted adjacent objects, 
where different conventions are being used for dotted and undottcd indices, 

V'X := V'"Xa, = ^aX"- (7.6) 

This particular choice has the advantage that V'X = V'X- 
It is common to introduce 

:= 5„""a;", (7.7) 

with (t"" = £°''^s"^{aa)/3s, and convert back and forth between the two representations using the 
relations 

{aa)c.y{^hf^ + (fTb)„^(a„)^^ = -2r]abSj, (7.8) 
i^ar{a,\0 + W-iaa^^ = -2r?„,5>, (7.9) 

which imply 

A superspace is defined to be a space with coordinates x"" of even Grafimann parity and 6", 
ga _ (^Qay Grafimann parity; i.e. anticommuting. The Grafimann parity of a quantity 

q is symbolised by #g and capital Latin letters are used to denote collective indices; e.g. the 
supercoordinates are labelled^^ = {x°"^,6°',6a) and transform under the (l,^), (|,0) and 
(0, ^) representations, respectively.^^ Arbitrary irreducible representations (^,f) are given by 
symmetric tensors 

^ai,...,a„,/3i,...,/3„ ^ ^{ai,...,a„},{/3i,...,/3„}^ (7-11) 

where the weight is chosen such that (anti-)symmetrisation is idempotent, 

^[ai,...,c«jv] = ;^Xl^^Sn(7r)V',r(ai),...,7r(aN), (7-13) 

and (anti-)symmetrisation is performed over only those indices enclosed in braces that arc not 
additionally enclosed in a pair of vertical bars | |. From the spin-statistics theorem follows that 
any physical field ■i^«i'---.«m,/3i,---,/3n j^^g Grai3mann parity m + n (mod 2). 
Partial superderivatives Oa = {daa,da,d°') are defined by 

[dA, = (Oaz'') := (7.14) 



■^^ This convention implies that components of a tensorial object tAi...A„ have a varying number of indices. 
Commas will be used to separate index pairs ace, whenever this disambiguation is necessary. 

The latter are (complex) Weyl spinors as opposed to Dirac spinors, which are composed of two Weyl spinors. 
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where the {'E2-) graded commutator is defined by 

[A, B} -.^ AB -{-l)*^*^BA (7.15) 

and obeys the graded Leibniz rule and Jacobi identity 

[A, BC}^ [A, B}C+i-l)*^*^B[A, C}, (7.16) 
{-1)*^*^[A, [B, C}} + (cyclic A^ B^ C) = 0. (7.17) 

The partial derivatives in a flat superspace satisfy 

[dA,dB}=0. (7.18) 

A superfield f{x, 9, 0) on R^l"* can be defined by a Taylor expansion in the non-commuting 
coordinates according to 

f{z^) = A{x) + r^„(x) + e^4,^{x) 

+9^F{x) + PF{x) + ea^eVaix) (7.19) 

+Pe"K{x) + e^e^x^ix) + eWG{x), 

where the respective coefficients are called components. Mass dimension and GraBmann parity 
of the superfield are by definition given by the respective property of the lowest component A. 
This definition of a superfield can be extended to include tensorial fields by simply promoting the 
components to tensors. 

In a similar manner a superfield can be defined on C*'^, which is build up from four complex 
{y"-) and two anticommuting (0") coordinates. For the remaining part of this introduction, these 
two superspaces will be referred to as the real (R^'**) and complex (C^'^) superspace respectively. 
The real superspace is a subspace of the complex superspace, embedded according to 

^x''^ iOa^e. (7.20) 

By this relation holomorphic superfields can be defined on the real superspace (where they are 
known as chiral superfields) according to 

$(x, e, 9) = $(x + iOa^e, 9) = e'" <^{x, 9) 

(7.21) 

H 9(j''9da, 

where H has been defined with future generalisations in mind. (The current choice of H has the 
unique property of making super-Poincare transformations on both spaces coincide, thus providing 
the only Poincare invariant embedding of R'*'* into C"'''^.) 
The property d^{y) — can be rewritten as 

Z)<i$(x,6',^) = 0, Da-=e'"{-da)Q~"" = -da-i9°'da&. (7.22a) 

Analogously, for an antichiral field it holds 

D^<^{x,9,e)^Q, Do.:=e-'"{da)e'" = da+i9"dac.- (7.22b) 

The set of derivatives Da = (9a, Da, D") has the property of commuting with the supersymmetry 
generators and mapping a tensor superfield into a tensor superfield with respect to the Lorentz 
group. Hence, they are called (flat) covariant derivatives. The observant reader has noticed the 
unusual sign in front of da in definition (7.22), which is related to convenient complex conjugation 
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Table 7 Definition of the Hermitean and complex conjugate as well as transposition (from left to right). 
The symbol 

denotes the sign change induced by reversing the order of m anticommuting objects while #F is the 
number of fermionic terms in the corresponding expression. 



properties as will be explained below. While partial derivatives obey trivial (anti-)commutation 
rules, this is no longer true for covariant derivatives Da} = —'^idaa), and consequently spe- 

cial attention has to be paid to the reordering upon complex conjugation, in particular Hermitean 
and complex conjugation no longer coincide. 

The Hermitean conjugate and transpose O"^ of an operator O are respectively defined by 



which additionally allows to define the complex conjugate by 
In particular, these definitions imply the following reorderings 



{Oi...On 
{Oi...On 



N 



? = (-1) 



■Ol 

.o 



N- 



From 



(z-^)t} = -zP]^ = {Sjy = 5a^ = {da, Z^}, 



one may deduce 



[ida)\ (Z")t] = [da, z'Y = (<5/)t = Sa' = [da, 

(da)^ = -da, 
{da^ = da. 



(7.23) 
(7.24) 

(7.25) 

(7.26) 
(7.27) 
(7.28) 

(7.29) 
(7.30) 

(7.31) 
(7.32) 
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jSUGRA Index Conventions ^^^^ 

c-coordinates {x) a-coordinatcs {9) 



world 


m,n, . . . 




^^^^ M, N, .^^^^^1 


tangent 


a,b,.. 







Table 8 Superfield Supergravity Index Conventions 

while the transpose 9j = —Oa is determined by partial integration. So complex conjugation of a 
spinor partial derivative involves an additional minus sign compared to other fermionic objects. 
As complex conjugation is an operation which will be employed quite frequently when working 
directly with the supergravity algebra, the definition of covariant spinor derivatives (7.22) involves 
an additional minus sign for compensation. The conjugation rules are summarised in Table 7. As 
one can see, for the case of (anti-)commuting objects — "numbers" — Hermitean conjugation and 
complex conjugation are the same. 

In the supergravity literature, the use of different notations and conventions is quite common. 
In particular it crucially depends on the task to be performed, which conventions are the most 
suitable. This thesis follows closely the conventions of [102], which contain the potential trap that 
for an antisymmetric tensor 

~ £al3 (7.33) 

the corresponding contragradient tensor reads 

^ £"7£/35^^^ _ e^^e'^^e^s = -e"^ (7.34) 

as a consequence of the conventions used for raising and lowering operators. 

The other major source of this compilation [103] uses an imaginary symplectic metric, which 
introduce a relative minus sign for complex conjugation of contragradient indices. Additionally, 
there appears a minus sign in the complex conjugation of spinorial covariant superderivatives 
Da = (DaY = —{Da)*- Furthermore, quadratic quantities contain a factor of one half, which 
materialises upon partial integration. 



7.2 Superspace Supergravity 

In analogy to the non-supersymmetric case, a pseudo-Riemannian supermanifold is defined by an 
atlas of maps from open sets of points on the supermanifold to coordinates in flat superspace. 
When there is curvature, in general more than one map is required to cover the whole manifold 
and the maps are distorted in the sense, that a non-Minkowski metric is needed to capture this 
distortion in terms of those superspace coordinates, which shall be called world or curved co- 
ordinates coordinates = (2:™, 6"^, 0^). To each point of the supermanifold one may attach a 
tangent superspace (also referred to as flat), whose coordinates are called — {z'^,9°' ,9a)- The 
distinction of flat vs. curved will also be made in referring to the indices only as indicated in 
Table 8. 

Superspace supergravity requires a tangent space formulation, where superspace general coor- 
dinate transformations, realised as gauged curved superspace translations, are augmented by an 
additional set of superlocal Lorentz transformations acting on the tangent space only. The reason 
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is that without this doubhng spinors can only be reaUsed non-hnearly, which is inconvenient [103, 
p. 235]. 

A first order differential operator, expressed as 

K = K^'dM + ^K-'Mab = K^Bm + K'^^M^p + if^'^Af (7.35) 

therefore allows to define covariant transformation under combined supercoordinate and super- 
Lorentz transformations according to 

X ^ Xe-^ . (7.36) 

The sl(2, C) versions Map = ^{(j'''')af3Mab and M^^ = \{cr°'^)^pMab of the Lorentz generator 
Mab act on the corresponding indices (i.e. only on indices of the same kind) according to 

), (7.37) 

i 
i 

In particular, it holds 

In analogy to ordinary gravity (with torsion) one may define a derivative 

Va^Ea + (7.39) 

that transforms covariantly under (7.36) by adding a vierbein field Ea '■— Ea'^^Om and a super- 
connection 

Qa := ^riA^'^MBc = ^A^'^Mp^ + nA^"<Mp.. (7.40) 

The vierbein obeys the algebra 

[Ea,Eb] ^Cab^Ec, (7.41) 

Cab"" = {EaEb'' {-l)*^*^ EbEa'')eZ, (7.42) 

where Cab'~^ are the supersymmetric generalisation of anholonomy coefficients. The non-degenerate 
supermatrix Ea'^^ can be used to convert between world and tangent indices according to 

Va^Ea'^'Vm, (7.43) 
and the bosonic submatrix -Ea™ is the well known vierbein field of gravity obeying 

Vab = gr„nEa™Eb". (7.44) 

The covariant derivatives form an algebra 

[Va.Vb] =Tab+Rab, (7.45) 

Tab ■■= TAB^'dc, (7.46) 

Rab ■■= iRAB^'^Mbc = Rab^^Mp^ + Rab^^M^., (7.47) 

with Tab — — {—^)'^^'^^Tba the supertorsion and Rab = —{—^)'^^'^^Rba the supercurvature, 
which may be completely expressed in terms of the supertorsion as a consequence of the Bianchi 
identities. The latter are just the Jacobi identities (7.17) for the algebra (7.45). 
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7.3 Non-minimal Supergravity 

The algebra above is a highly reducible representation of supergravity. To extract the physi- 
cal degrees of freedom a number of constraints has to be imposed. One distinguishes between 
conventional constraints 

T,,,-* = T."* = R^,^" = 0, 



r^%^^^!^. c '^"'^ j ^ V^^^~2i{V^,'D^}, (7.48a) 

W = T^p' = T^Mi^S} = ^-.{/ 7W = 0' (7-48b) 



which are equivalent to redefinitions of the algebra's constituents, and representation preserving 
constraints 

Tcp' = T^p^ = T^P^ = T^f" = 0, (7.48c) 

which imply the existence of (anti-)chiral superfields by ensuring the Wess-Zumino consistency 
condition 

P^iX - =^ [V^, V^}x = 0. (7.49) 

While the Bianchi identities are trivially fulfilled by the unconstrained derivatives, this is no longer 
true, when introducing constraints whose consequences for the remaining torsion fields have to 
be evaluated. Since this procedure is straight-forward, it will not be reproduced here due to the 
length of the calculation and the fact, that it may be found in the literature [103, 102, 104, 105] 
under the name of "solving the Bianchi identities" . 

After solving the Bianchi identities, all torsions and curvatures can be expressed in terms of a 
few basic fields, 

T„ := (-l)#^r„s^, (7.50) 
G„d :=iT^'/3d,a+*T'^',^,A, (7.51) 
R T^R^^c.^^ (7-52) 
Wa/jT := \T{,/- i^^p^^^y (7.53) 

where R and R are chiral and antichiral superfields, Gaa is real, and T^, Wap-y are complex 
superfields, all of which are subject to a set of Bianchi identities and obey the so-called "non- 
minimal supergravity algebra" . 

7.3.1 Algebra and Bianchi identities 
The non-minimal supergravity algebra is defined by the following three (anti-)commutators, 

P^} = -2zP„<i, (7.54) 
{Pa, Vp} = -ARM^p, (7.55) 

^f^Vp^ - i{R + IV^f^ - ^f^)Vp 

-i^p^V^ + iiV' -\f')4^p^M^. (7.56) 



+ 2iX^Mp^ - 2iWp''^M^s 



iiVpR)M... 
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The missing relations can be determined from the Bianchi identities (see below) and complex 
conjugation. 



{P<i,P^}=4i?Af.^, 



with the abbreviations 



Lt) t- — -V-T 



X — -L 



'12 



{V^-T^){V6.-\f6) 



The Bianchi identities expressed in terms of the supcrtorsion components read 

VaR — O, Ga = Ga, W^a/37 = ^^{0/37} , 

V^Tp + VpT^ = 0, 



(7.57) 



(7., 



(7.59) 



(7.60) 



(7.61) 



(7.62) 



7.3.2 Partial Integration 
From the supergravity algebra (7.45) it can be shown that 



J d'zE-\v^^ - (-i)#^r,B^)v^"" = 0, 

J d^zE-\V^+T^)V°' =0, 
d^zE-^{'D^+T^)V" = 0. 



(7.63) 

which implies 

(7.64) 
(7.65) 
(7.66) 

£'^^ := sdet^^ Ea^'^ is the real superspace analogue of ^J—gmn- 

Clearly it is a natural alternative to consider the combination Da + as the basic covariant 
derivative. Then takes over the role of a connection, an approach chosen in [103]. 
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7.3.3 Superdeterminant 

In the last Section the superdeterminant has been introduced and its definition shall follow here, 
belatedly. In analogy to the non-supersymnietric case the superdeterminant is the exponential of 
the logarithm's supertrace 

sdet A^^N ■■= exp STrln A^^jv, (7.67) 

where the supertrace is 

STrA^\ ■.= {-l)*^'^A^M, (7.68) 
which is cyclic and invariant under a suitably defined supertransposition 

For practical calculations, the following theorem is much more important 

z'^i = z^, K = K^'d,., (7.70) 



M 

dz 



sdet^ = (l.e^), K^K'^d,,. (7.71) 



The right partial derivative d in K acts on the components K^'^ and everything to the left of 
K, such that 

K = i-l)*^' dj,,K'' + {-l)*''{dMK^). (7.72) 
Additionally the following rule holds 

(l-e^)(e-^$) = ($-e^). (7.73) 
Proofs for any of these statements can be found in the literature, in particular [102]. 

7.3.4 Super- Weyl Transformations 

While the algebra of the previous Sections is by construction invariant under general supercoor- 
dinate and superlocal Lorentz transformations, it is in addition invariant under transformations 
of the vierbein of the form 

^ LE^, (7.74) 
Ea ^ LE&, (7.75) 

Eaa^LLEaa, (7.76) 

E^{LLfE, (7.77) 

which are easily seen to represent Weyl transformation of the bosonic vierbein component, when 
restricting L to (the real part of) its lowest component. The unconstrained complex superfield 
L = exp(iA + |k) parametrises mixed superlocal scale transformations (by A) and superlocal 
chiral transformations (by k). The latter can also be understood as local V{1)r transformations. 
The elements of the non-minimal supergravity algebra transform under this symmetry as 

Va ^ LVa - 2{V^L)Maf3, (7.78) 

t)^ ^ LV^ - 2{V^L)M^^, (7.79) 

T„ ^ LTa + V'^ HL^P), (7.80) 

-\{V'^ -AR)L^. (7.81) 
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7.3.5 Prepotentials 

As a consequence of Frobenius' theorem, the vierbein field, which is subject to the constraint 
(7.41) can be decomposed into unconstrained superfields F, W and Na^, called prepotentials, 

Eo,= FNo^^e^ df,e-^, detiV^'' = 1, (7.82) 
^ -FNo^f" e'^ e"'^ . (7.83) 

Because the "superscale" field F has been introduced to allow the choice det Na^ — 1, it is also the 
only prepotential that transforms under super- Weyl transformations: F i— > LF . Under coordinate 
transformations induced hy K = K^^ Om = K , all prepotentials transform covariantly, 

F' = (e^ F), {N^^')' = (e^ iV„'^), W = (e^ VF), (7.84) 

while only A^q,'' transforms under superlocal transformations 

(AT^'')' = (e5^°''*^"^)Af„''. (7.85) 

While all supergravity superfields can be expressed in terms of prepotentials, only the two 
simple expressions 

Ta= Ec,\n[EF'^{l-e^)], (7.86) 

R = -lEi^Ei^F^ (7.87) 

shall be given here with the semi-covariant vierbein E defined by 



= F ^Ea, Ea =■ Na^Ef^ 

= F-'Ea, (7.1 

— 2 l ; Ea } • 



There is an additional prepotential 9?, the chiral compensator, that can be chosen to take over the 
role of F, see Section 
refsec : superweyltrafos . 



7.4 Minimal Supergravity 

From the non-minimal supergravity algebra, a formulation containing less auxiliary fields may 
be obtained by setting = 0. This has a number of consequences: The algebra simplifies 
considerably, Wap-y becomes a chiral field and super- Weyl transformations can be formulated 
using a chiral parameter field. 



7.4.1 Algebra and Bianchi Identities 

The minimal supergravity algebra is determined by the three (anti-)commutators {I'q, ^d}, 
{l?ct, 2?^}, [Va, 'S'fjfj], which are listed below with some of their straight-forward implications 
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(7.89a) 




= -4RM^0, 


(7.89b) 






(7.89c) 






(7.89d) 






(7.89c) 






(7.89f) 






(7.89g) 






(7.89h) 












(7.89i) 



= -4(G„<i - iD„d)5" + 4i?I?a - 4(P^G'„^)M.^ + SW^^^M^^, 



7(5 a/3 



+i{'D^R)M^p - ieo,p{V^G^^)M^s + 2ie„pW^^^ M.^, 
2i{RD^ + G^'p^) - 2i{V''G^^)M^s + AiWf'^M.^, 

= SiGaa'D"" - AiV^o. [P", P"] 
-4(D«i?)D„ + 4(P«i?)P« 

-8(P^(S'*d)P«M^5 + 8{WG'^^)V„M.^ 

-&{V'^W0^^)M^5 + 8(P<iVK"^^)M.^. 
In minimal SUGRA R and Wa/j^ are chiral fields, Gaa is real. 

Ga = Ga, 
VaR = 0, 

'£'aWa0-y = 0, W„/3^ = W^aPj)- 

The remaining identities also simplify dramatically, 

T^"Gaa = T^aR, 
T^"Gaa — T^aR, 
T^'^Wafjj = ^T>a'^Gfja + ^Vp'^Gaa- 



(7.89j) 

(7.89k) 
(7.891) 

(7.89m) 
(7.89n) 



(7.89o) 



(7.90a) 
(7.90b) 
(7.90c) 



(7.90d) 
(7.90e) 
(7.90f) 
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Some trivial consequences of the above identities are 



P^G"" = -V^R, (7.91) 
I?„G"" = -t>°R, (7.92) 
X>""G„d = ^{V^R ~ V^R), (7.93) 
{V^X){t>^~X) = 4G<,^(I?"A)(P"A) + 8(I?„^A)(P""A) 

(7-94) 

+ (total derivative). 



7.4.2 Chiral Projector and d'Alcmbcrtian 

As a consequence of (7.89c) as long as i? 7^ 0, &U is no longer chiral {U being an arbitrary 
superfield). But for tensor superfields carrying no dotted indices the following operator gives a 
covariantly chiral superfield. 

Vai'D'^ - 4i?)C/ai...a„ =0 V undotted tensor superfield U (7.95) 

Evidently the flat space limit, i? — > restores the usual chirality property of V^U. 

Since chiral scalar superfields will play an important role in this thesis, the commutators (7.89) 
acting on chiral scalar fields are worked out explicitly in appendix D. The combination 2?^ — 4i? 
is also known as the chiral projector . 

From the chiral projector a generalisation of the d'Alembert operator to the space of (anti-) 
chiral superfields can be given. The (anti-)chiral d'Alembertian □+ (□-) is defined by 

□+ := {V + iG°')Va + i(i?X>" + {V°'R))Vo„ (7.96) 
□ _ := {V ~ iCjVa + {{RD^ + (P^i?))P", (7.97) 

and maps to (anti-)chiral fields as long as it acts on (anti-)chiral fields. In this case (□-) may 
be rewritten in the following manner, 

□+A = j^(p2 - AR)V'^\ (7.98) 
□_A = j^(I?2 _4i?)p2^^ (7.99) 

which makes manifest the (anti-)chirality property. 
Also note that V'^V'^X ^ 16(0+ + \RV^)X. 



7.4.3 Super- Weyl Transformations 

The condition Tq, = is only invariant under a subset of the mixed super- Weyl/local U(l)ij trans- 
formations discussed in Section 7.3.4. To ensure that maps to under those transformations, 
from 

O^Tc,^ LTa, + LVa \n{L'^L^) = 0, (7.100) 

the condition Va h\{L^L^) = is read off. Consequently the parameter L is restricted to be of 
the form 

L = exp(iCT — a), 'Dacr — PqCT — 0, 

- (7-101) 
L = exp(^(T — tj). 
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The minimal supergravity fields transform according to 

V'^ = LV^ - 2{V^L)M^p, (7.102) 

R' = -1{V^ ~AR)L'^, (7.103) 

G"„<i = L£Gc«d + ^IV^V^L - ^LVc^V^L (7.104) 

W^^^^ = L^LWa^a^, (7.105) 

or in terms of a and ct, 

K - c5'^-'^(I?„ - {V^c7)M^p), (7.106) 

i?' = -ie-2'^[(p2 _ 4i?)e*], (7.107) 

= e-(^+*)/2 [G„^ + i(I?„a)(:D^5) + i{V^^{<j ~ a))] , (7.108) 

= e-3-/2H^„^^. (7.109) 

Formulating = in terms of prepotentials (7.86) yields the important equation 

E^^^O, ip^ := E-^F-^{l-e^)-\ (7.110) 

where the exponent of "3" is for convenience as is seen in the next equation. Since for any scalar 
Va = Ea, the field ip is chiral and transforms under generalised super- Weyl transformations into 

if^ ^ [iLL)-^E-^][L-^F-^]{l ■ e^)-i - L-^Z-V' = (e" <^)'. (7.111) 

This makes ip the compensating field for super- Weyl transformations. Accordingly it is called 
chiral compensator. 

7.4.4 Chiral Representation and Integration Rule 
Performing the picture changing operation 

V = e-^V, (7.112) 
Va = e-^ Va e^ = Ea^Om + ^ti'^Mt,, (7.113) 

and additionally going to the gauge Na'^ = 5a^ introduces the so-called chiral representation. The 
important feature of the chiral representation is that the spinorial vielbein Ea = —Fda takes a 
most simple form, while Ea and complex conjugation are more complicated than in the vector 
representation used so far. The determinant of the vierbein becomes 

E-^ = {E-^e~^), (7.114) 

such that 

j <fz E-'^ = J <fz {E'' e-^) e-^ ^ ' J <fz E'^J^. (7.115) 

In chiral representation, equations (7.110) and (7.87) read 

p^F^=E-\ (7.116) 
R = IBf^B^F^, (7.117) 
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<fz^^^, - / cfz^^, ^'■='' / d^z^Jf, (7.120) 



which combined yield 

^^R=\df,d^E-\ (7.118) 

This gives the important chiral integration rule 

ll J ~ R 

due to d^0 = l^f,^^'. 

7.5 Component Expansion 

7.5.1 Superfields and First Order Operators 

In supergravity as opposed to flat supersymmetry, the (non-linearised) components of a superfield 
are given in terms of covariant derivatives and and are in one-to-one correspondence to 
the coefficients in the usual 9, 6 expansion of a superfield. 

/I 'Da^fl 

Here, the notation 

/|^ :=/(x,0 = 0,^ = 0) (7.122) 

has been introduced. 

For arbitrary superfields fi and /2, it holds 

(/i/2)|„ =/iU2|„, (7.123) 

which obviously can no longer be true when fi is an operator containing derivatives on anticom- 
muting coordinates. 

The space projection of a general first order differential operator 

O - 0^'iz)dM + 0''\z)Mab (7.124) 

is defined to be 

0\ =0*^1 aM + C°1 Mab- (7.125) 

I n 1 1 

Acting with such an operator on an arbitrary superfield (with Lorentz indices of / suppressed) , 
one immediately sees that 

= 0^'\ dM.f\ +0""! Mabf\ (7.126) 

is different from 

0\ /I -t-O-^"! Mabf\ . (7.127) 
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Using pure superspace methods, it is possible (though tedious) to show, that in Wess-Zumino 
gauge the vector derivative has the foUowing expansion, 

V^A, = V„^[^ + + \^o.c.,iP\ , (7.128) 

with 5* the gaugino field strength. As a simple example, the expansion of Vaaf is given, 



' 



(7 129) 

= V„^(/|J + iv|/„^,^((I?^/)|J + i*„^,^((P^/)|J. 

More complicated combination of the derivatives Va, 'Da and acting on a field require re- 
arrangement such that the leftmost derivative is of vector type. Then the above rule (with / 
containing the remaining derivatives) can be used to recursively reduce the superspace derivatives 
to space-time covariant derivatives Vao, until only expressions containing component combinations 
(7.121) of the spinorial derivatives are left over. Due to the three-folding caused by each applica- 
tion of (7.129), let alone the required rearrangement of vector derivatives to the left, even terms 
with a relatively small number of derivatives may grow dramatically. The situation is (slightly) 
better when one is not interested in terms containing the gaugino field strength. Therefore, the 
operator |^ shall denote space-time projection while simultaneously neglecting all gravitational 
fermionic and auxiliary fields. 

7.5.2 Supergravity Fields 

The derivation of the component expansion in Wess-Zumino gauge is rather involved and only 
the final expression shall be reproduced here. The real part of the prepotential W can be gauged 
away, but requiring instead the condition 

exp(14^"(9„)a;" = + i7^"(x, 6*, 9) TT = 7i™ (7.130) 

defines the gravitational Wess-Zumino gauge, also called gravitational superfield gauge. In this 
gauge, the gravitational degrees of freedom are encoded in the gravitational superfield Ti™ and 
the chiral compensator Lp{x,9). 

i9^9°'ip"'a - i9'^9a^"'^ + 9'^PA"' 





= 9a''9e, 






0' 





(^ = e~'^(^ (7.131) 
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In Wess-Zumino gauge, the spinorial semi-covariant vierbein fields (7.88) coincide with the 
partial derivatives and can therefore be used to extract the components of the above gravitational 
superfields just as in flat supersymmetry. 

The spinorial semi-covariant vierbein flelds Ea, were defined by just pulling out a factor of 
F from the covariant spinorial derivatives "Da, "Da- In addition without proof, for the prepotential 
F it holds 

F\^=l, EaF = -^^°'^^, (7.132) 

such that 

VaO\ ^ EaOl , 

If) lo 

-^V^O\ ^-\E^O\ -f |5'",/l?„0| . (7.133) 

4 In 4 Iq p, In ^ ' 
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This allows to write down the chiral compensator's components in terms of covariant derivatives 

ip^\^ =e-\ (7.134a) 

= -2ie-i(a"*a)a, (7.134b) 

-i^V^ =e-\B -^^aa^), (7.134c) 

where ^ctct* = -'^"'^f'^aj,^- In other words 

ip\^ =e-^l^ (7.135a) 

= -|';e"'''-'K*a)a (7.135b) 

-ipVL = ^e-'/'(S - l^aa^) (7.135c) 

For the chiral supertorsion component: 

= ^B, B = B+ + i*"*a, (7.136a) 

^«^L = + ^BM/^^, (7.136b) 

-^B(*V,ab«'^ + *"*a) (7.136c) 

where TZ denotes the Ricci scalar, tensor or Riemann tensor, respectively. 
For the real supertorsion component: 

Ga\^ = ^Aa, (7.137a) 



i , 



with 



(7.137b) 



^{«^^/3}lo = + gB^^d,/^}, (7-137C) 

+2i*a{a,4}W^"^l + ^B(a'''') .^vl/„^*,^ (7.137d) 



-S'ah := |:(27^afc + \ {£acdeTZ"'''^b + EbcdeTl'^'^'^ a — ^Vab^^'^'^^ T^cdef)) , (7.138a) 
Hab ■■= \{nab + Tlba) " hab^ = ^{^6} + i^ya67^. (7.138b) 
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7.5.3 Full Superspace Integrals 
Using the chiral integration rule (7.120), any real superspace integral can be reduced to a chiral 



E-\ (7.139) 



Then the following manipulations, which crucially depend on the semi-covariant vierbein coin- 
ciding (7.88) with the partial derivatives in Wess-Zumino gauge, lead to the density formula 

= -i [d'^xip^l E^^cl +2V°'ip^\ V^^A +E^^^\ ifcl (7.140) 

I lo^* 'lo * lo lo Iq 

where B = B- i^'^CTafJb*'' - ^^"'^a = -j'D'^'P^ + e~^^aa^. 

8 Space-Time Dependent Couplings 

This Chapter is meant to give a short introduction into the space-time dependent couplings tech- 
nique and its application to a proof of Zamolodchikov's c-theorem in two dimensions. Additionally 
the four dimensional trace anomaly and some of the problems encountered when trying to extend 
the theorem to four dimensions are discussed. 

8.1 Weyl Transformations 
8.1.1 Conformal Killing Equation 
A Weyl transformation is a rescaling of the metric by a space-time dependent factor 

Upon restriction to flat space these transformations generate the conformal group, which locally 
preserves angles. 
Using 



5x"^^r, (8.2) 
Sdx"" = (9„C'")dx", 

the requirement of invariance of the line element 

<5(ds2) [-2agran + drain + a„em](ix"(ix" (8.3) 

amounts to the conformal Killing vector equation 
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CONFORMAL TRANSFORMATIONS 



Name 


Group Element 


Generator 


translations ^^^^ 


' 1— !■ x° + a° 




(Lorentz^^) rotations 






dilation ^^^^^^^ 


J x°- ^ Xx°- ^ 











Table 9 Finite Conformal Transformations 



where d is the dimension of space time. 

Under (8.2), the action transforms as follows, 



SS 



a X ogr, 



.5) 



d"x 



'2^ \ 



'2<Tg„ 



which demonstrates that for conformal invariance the trace of the energy-momentum tensor has 
to vanish. 

As an aside, in two dimensions after Wick rotation the conformal Killing vector equation 
becomes the Cauchy-Riemann system, such that conformal transformations are given by holo- 
morphic or antiholomorphic functions. Decomposing these functions by a Laurent expansion 
demonstrates that the two dimensional conformal group has infinitely many generators, which 
form the Witt / Virasoro algebra. 

The four dimensional case is generic and will be discussed below. 

8.1.2 Conformal Algebra in d > 2 
In d > 2 dimensions in Minkowski space, infinitesimal conformal transformations are given by 

^•^(x) = a" + uj''''xb + Xx'' + {x^b'' - 2x''xbb^) (8.6) 

with the corresponding generators 

5c = ia^Pa + iuJ^^Mab + iXD + ib^Ka, (8.7) 
which form the conformal algebra 

[Mab, Pc] = -2iP[aVb]c, [Mab, K^] = -2iK[aVb]c, 

[D,Pa]=-iPa, [D,Ka]^lKa, 
[D, Mab] - 0, [Pa, Kb] = 2liMab " VabD) , ^^'^^ 

[Mab, Med] = 2i {T]a[cMd]b " Vb[cMd]a) ■ 

This can be identified with the algebra 5o{d, 2) by defining a suitable {d + 2) x {d + 2) matrix 



M„ 



' 2 {^m Pin) 



2 {-^m Pin) 2 (r^'fn Prn)^ 

-D 



(8.9) 



D 







■^^ Special Conformal Transformation 
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and choosing rjmn = diag(77„i„, 1, —1) as metric. As an aside, the d-dimensional conformal algebra 
is identical to the {d + l)-diniensional ads algebra 

cfa = adSd+i = so{2,d). (8.10) 

The finite transformations corresponding to the infinitesimal solutions (8.6) are shown in Figure 9, 
where r2scT(a;) •= I — b ■ x + b^x^ is the scale factor ft of the metric for special conformal 
transformations, and a ■ b has been used as a short-hand for rimnO."^b". 

8.1.3 Weyl Transformations of the Riemann Tensor 

Since superspace supergravity is described using a tangent space formulation, which has the addi- 
tional advantage of a metric Slrjat] — invariant under Weyl transformations, the transformational 
behaviour of the Riemann TZabcd and Weyl Cabcd tensor, Ricci tensor TZab and scalar TZ, and co- 
variant derivative V under 6[gmn\ = —^o'gmn shall be given in terms of tangent space objects. 



^[ea"] = frea", (8.11a) 

S[y^-dctg] = 6[dcte^^] = -ad-J - dot g = -crddete"\ (8.11b) 

b\TV\d\ = ^\y^^^if + 2a7^'^^d, (8.11c) 

^[T^a&cd] = ?7[c[aVb]Vd]Cr + 2aTZabcd, (8.11d) 

SilZab] = Vab^^O- + 2VaVf,(7 + 2(77^a^„ (8.11e) 

(5[7^] = 6VV + 2^77^, (8.1 If) 

SiGab] = SiUab] - ^VabS[n] 

n (8-llg) 

= -2riabV^(T + 2VaV6(7 + 2agab, 

S[Cabcd] ~ 2aCabcd, (8.11h) 

S[Va] - aV„ - (VV)AU, MabV' = S^^Vb - &lVa, (8.111) 

^[VaA] = trVaA, (8.11j) 

(5[V2A] = 2(t(V2A) -I- (2 - d)(W)(VaA), (8.11k) 



where d is the space-time dimension, which from now on will be assumed to be equal to four. 

8.1.4 Weyl Covariant Differential Operators 

By definition a field ill is denoted conformally covariant if it transforms under Weyl transformations 
into e""^ ip, that is homogeneously with Weyl weight w. In particular, it is interesting to have 
invariant expressions of the form 

j d^xe~\*l\i_2n,^, (8.12) 

with A4_2iD a differential operator of order 4 — 2w and "01 X are assumed to be Lorentz scalars. 

The unique local, Weyl covariant differential operator acting on such fields ip and x of Weyl 
weight 1 is given by 

A2=V2-i7^, (8.13) 

which can be easily verified using relations (8.11). It is however entertaining to derive this expres- 
sion in a slightly different manner. 
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General relativity is not invariant under Weyl transformations as can be seen from the Einstein- 
Hilbert action transforming according to 

j d'^xe-^n^ J d'^xe-^[c-^''n + 6{\7''e-''){\/ae-'')]. (8.14) 

Since Weyl transformations form an Abelian group, a parametrisation may be chosen where two 
consecutive transformations with parameters ui and <T2 correspond to a single Weyl transformation 
with parameter cri +02- (Evidently Bq™ i— s- e*^ is such a parametrisation.) Replacing the 
parameter of the first transformation by a field (p — e^'^'^ of Weyl weight 1 yields an invariant 
expression as can be seen from 

e"^ ea" = r'ea™ ^ {e^^ e^) = r^e^. (8.15) 

Therefore, the following action is Weyl invariant 

d'^xe-^[<f'R + &{V''(t)){Va(t))]^& I d'^xe-^(t)[V^ ~\n](j) (8.16) 



and the operator A2 has been rederived. 

In addition the important notion of a compensating fields here cj), has been introduced. Com- 
pensating fields allow incorporating a symmetry into the formulation of a theory that originally 
was not part of it. An analogue procedure is needed to embed Poincare supergravity into the 
Weyl invariant supergravity algebra by use of a so-called chiral compensator. 

Unfortunately, the elegant method above does not lend itself to generalisations and clearly 
cannot be used to construct a conformally covariant operator for a field of vanishing Weyl weight. 
However a dimensional analysis can be used to write down a basis for such an operator and 
determine the prefactors from Weyl variation. The following operator due to Riegert [54] is the 
unique conformally covariant differential operator of fourth order, which because of its importance 
for this work will be given in several equivalent forms, 

A4 := + 2gabV''V^ + ^VTZVa 

('8 17') 



or partially integrated, 



A'A4A = (V2A)(v2A') - 2gab{^''X)(\7''X') 

' , (8.18) 

- i7^(V"A)(VaA') + (total deriv.). 



8.2 Zamolodchikov's c-Theorem in Two Dimensions 

In a classical theory scale invariance is expected at the ultraviolet limit where particle masses 
may be neglected and at the infrared limit where massive particles decouple from the theory. In 
this sense the transition from UV to IR is irreversible in a classical theory. For simple theories 
scale invariance (which implies one additional symmetry generator) may be enough to establish 
conformal symmetry (which in two dimensions implies an infinite set of symmetry generators and 
is thus a much larger symmetry). At the quantum level, conformal invariance is often broken. 
Still there are many known examples of two dimensional theories which fiow from one conformal 
fixed point in the UV to another one in the IR. In four dimensions the existence of conformal fixed 
points is much more difficult to establish. 
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UV fixed point 



IR limit cycle 



Fig. 23 Limit Cycle in the Space of Couplings 

The breaking of conformal invariance at the quantum level is induced by the introduction of 
a regulator during renormalisation, which creates a scale /i that leads to non-vanishing anomaly 
terms in the trace of the energy- momentum tensor. 

Renormalisation group (RG) theory describes the change of the effective Hamiltonian of a theory 
during the change of scale. The breaking of scale invariance is described by the RG equation 



where W is the generating functional of the connected Green's functions, which due to being a 
formal series expansion of physical observables is expected to be RG invariant, that is constant 
with respect to the scale fi. 

From a mathematical point of view, there is no reason a theory should not exhibit a complex 
flow behaviour. In particular the RG flow could approach a limit cycle, see Figure 23, possibly 
making the theory increase and decrease its number of degrees of freedom periodically while going 
to lower and lower energies. Since this is certainly an unphysical behaviour, a natural question is 
under which conditions such a behaviour cannot be displayed by a quantum field theory. 

A partial answer to this question was given by Zamolodchikov's fundamental theorem [47] in 
two dimensions, which states the irreversibility of RG flows connecting two fixed points in two 
dimensions. 

Theorem 1 (Zamolodochikov 1986). "There exists a function c{g) of the coupling constant g in 
a 2D renormalisable field theory which decreases monotonically under the influence of a renormal- 
isation group transformation. This function has constant values only at fixed points, where c is 
the same as the central charge of a Virasoro algebra of the corresponding conformal field theory." 

Therefore, it holds 




(8.19) 



(8.20) 



(8.21) 



CUV > Cm, 



(8.22) 



where c is the respective value of central charge at the infrared and ultraviolet. 
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8.3 Conformal Anomaly in Four Dimensions 

Due to its elegance and simplicity, the two-dimensional c-theorem was hoped to soon be generalised 
to four dimensions, but an accepted proof is outstanding for 20 years. 

The first obstacle that arises is the question of which quantity is to take over the role of the 
two dimensional central charge c, which in two dimensions turns up as the central charge of the 
conformal algebra, as the coefficient of the two point function of the energy-momentum tensor, 
and as the anomalous contribution to the trace of the energy-momentum tensor. 

In the four dimensional trace anomaly, the following constants appear 

(T™") =cC2-Ka■^2_^67^2-t-/□7^, (8.23) 

where TZ is the scalar curvature (Ricci scalar), is the square of the Weyl tensor, and TZ^ is the 
Euler density, 

■■= CabcdC'""' = TV^^'^'-Rabcd - 2n-''"Rab + , (8.24) 

i?2 := -Jiabcd^^^^^ _ 4Jiab^^^ ^ (g 25) 

There are known counter examples for a "c" -theorem in four space-time dimensions but that 
still leaves open the possibility of an a-theorem [.50], which holds in all examples that permit 
explicit checking. Since these are supersymmctric theories, it may well be that supersymmetry 
is a necessary ingredient for the irreversibility of RG flows. (As an aside in all known examples 
of holographic renormalisation group flows that permit determination of the anomaly coefhcients 
on both ends of the flow it holds c = a. On the supergravity side monotonicity of the flow is 
related to energy conditions as they have to be employed in causality considerations in Einstein 
gravity [7].) Often by an abuse of language the a-theorem is also called c-theorem, even though 
the prefactor of Euler density is conventionally denoted "a" . 



8.4 Local RG Equation and the c- Theorem 

The analysis of this Section will be confined to idealised renormalisable field theories that are clas- 
sically conformally invariant and involve a set of coupling constants A' corresponding to local scalar 
operators O*. Due to conformal invariance the coupling constants should have mass dimension 
zero such that the operator's mass dimension should be equal to the space-time dimension. 

When the theory is not conformally invariant on the quantum level the trace of the energy-mo- 
mentum tensor is non-vanishing and can be expressed in terms of some operator basis formed by 

Qi 

{T„r)^P\[Oz]), (8.26) 

where [Oi] denotes a (by some renormalisation scheme) well-defined operator insertion and are 
the beta functions associated to the corresponding couplings A' . 

When Weyl symmetry is preserved during quantisation, the beta functions and therefore the 
trace of the energy-momentum tensor vanish. 

Promoting the coupling constants A' to fields as well as the metric, 

A^ ^ X{x), (8.27) 
(x), (8.28) 

allows to give well-defined expressions for the operators Oi (the bracket indicating that the oper- 
ator is well-defined will be silently dropped, henceforth) and the energy-momentum tensor, 

^^(-)-^^^ ^'""(-) - (8.29) 
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This requires the theory to be defined for a general curved background metric gmn- In addition to 
the counterterms present in the QFT on flat space with constant couplings, which give rise to the 
usual running of couplings, generically there should be now also counterterms A depending on the 
curvature and on 9mA*, which vanish in the limit of constant couplings and metric. In particular 
(8.26) acquires additional contributions according to 



(t;„™) = /3'(o.) + v,„(^") + a 



(8.30) 



with j/™ a local current. In general the trace above is not a local expression, which is why it 
was important to introduce space-time dependent couplings to give a meaning to any products of 
finite operators by functional derivatives with respect to couplings or the metric. The essential 
assumption is that the anomaly A stays a local expression to all orders, or in other words that 
the non-local contribution to the vacuum expectation value of the trace is contained in (Cj). 
The statement (8.30) can be recast in the form 



d x,/gA{a,nabcd,dmX'), 



.31) 



where = In J[d(p] exp(— 5/fi.) is the generating functional of the connected Green's functions, a 
is the parameter of Weyl transformation generated by A^ and 



A^:^2 I dVg 



A^ J dVaP' 



S 



_S_ 

5>J' 



.32) 
.33) 



with D the number of space-time dimensions. 

Equation (8.31) is in effect a local version of the (anomalous) Callan-Symanzik equation 



9 a^ d 



W = A. 



.34) 



The shape of A{cr,TZabcdi 9mA*) is restricted by power counting and the requirement to vanish in 
the flat space/constant coupling limit, such that in this limit the local RG equation (8.31) reduces 
to the homogeneous Callan-Symanzik equation when imposing the condition 



W = 0, 



.35) 



which is a consequence of naive dimensional analysis. 

As a simple example a possible parametrisation of the ambiguous^^ anomaly in two dimensions 

is 



(A^ - A^,)W 



I3\U/ — 



dV 



a{\cn + \x^3^„^y^"'\') + (9mfT)zi;,9"A' 



(8.36) 



with c, Xij S'lid Wi arbitrary function of the couplings, which may be determined in a perturba- 
tive expansion with the assumption that the above shape is preserved to all orders, and partial 
derivatives di '■= d\i. 

A further constraint on the anomaly with far less trivial consequences arises from Weyl trans- 
formations being Abelian, which implies 



[Ar - A^, A^ - Af,] = 0. 



.37) 



26 



In this formulation the anomaly is of course only determined up to partial integrations. Furthermore it is 



only defined up to adding local counterterms to the vacuum energy functional W. 
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This Wess-Zumino consistency condition renders the determination of the trace anomaly an al- 
gebraic (cohomological) problem. 

In the case of two dimensions (8.36) the consistency condition yields 

[A^ - A^, - A^,] = J dV{a'd,^a ~ ad„,a')V^ , (8.38) 

K^ = (9™A')(9»(c + w,i3') - x^d' + - d,w,W) (8.39) 
and therefore the following coefficient consistency condition holds 

P'^^{c + w,|3^)^X^J|3'f3'■ (8.40) 
The arbitrariness of W with respect to local functionals of the fields 

SW^ j dV[\bn-\c^jd^X'd"'\^) (8.41) 

implies for the coefficients 

5c = 13' d A 5x,j = = /3''9fcc,, + , (8.42) 

= ~dih + c„/3^' , b{c + m;j/3^') = Cy/3*/3^' . (8.43) 

The Zamolodchikov metric Gij , 

G.u(t) = i(a;2)2(O,(a;)O,(0)), t ^llx^i^x", (8.44) 

is positive by unitarity (or reflection positivity in Euclidean space). It can be shown that = 

Then the function 

C 3(c + + Cy /3^^J') (8.45) 

is monotonic by (8.40) and positive definiteness of G^ , 

G' = -fi'd^C = -3G^j/3'P^ < 0. (8.46) 

This is Zamolodchikov's famous c-theorem. 

Of course there is more to be said about rcnormalisation scheme dependence, for details see 
[52]. Here it shall suffice to mention that equation (8.40) is invariant under (8.41). 



8.4.1 a-Theorem 

The same calculation can be repeated in four space-time dimensions, giving rise to a system of 
coefficient consistency equations much more involved than the two dimensional example. The 
complete set of anomaly terms and consistency equations shall not be reproduced here, the inter- 
ested reader is referred to [52] instead. 

Omitting a number of less interesting terms, a sketch of the four dimensional trace anomaly is 
given by 

[A^ - A^]W = J dValaU^ + cC^ + bn'^ (8.47) 
+ f dV d'^a [S-y d„,X'\7^X^ + •••], 
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with TZ^, C'^, TZ"^, Qmn the Euler density, square of the Weyl tensor and Ricci scalar and the 
Einstein tensor, respectively. 

The coefficient consistency equation analogue to (8.40) reads 

P^d,{a+lwjP^)^\x%P'P'- (8.48) 
By virtue of a further consistency equation, 

X% + 2x1, + 2d,fi\l, + = i^pS^o , (8.49) 

where —xtj can be shown to be positive definite, there might be hope to find a four-dimensional 
"a-theorem" , when getting under control the other coefficients xXij ^^"^ • bosonic sector 

discussed by Osborn, this seems not feasible. However there might be additional constraints in 
supersymmetric theories. This is the topic of the next Chapter. 

9 Supersymmetric Trace Anomaly 

This Chapter generalises the local renormalisation group equation reviewed in the previous Chap- 
ter to a minimal supergravity framework. A basis for the trace anomaly is found and the conse- 
quences of the Wess-Zumino consistency conditions for super- Weyl transformations are evaluated. 

9.1 SUSY Local RG Equation 
The (integrated) local Callan-Symanzik (cs) equation of the previous Chapter reads 



(9.1) 



<fx^ga{x)2g'^''- + / d'^x^g a{x) ——]W 

Og-mn J dX\x) 



Generically the action for a supersymmetric Yang-Mills theory reads 



S=^\ I d^zTTW°'Wo,+ c.c, (9.2) 
on J 

^" = _i^2(^-2i/^^g2y)^ (9.3) 



with A the coupling constant, which may be complex. 



47r i6 . 
A= — -— . 9.4 



Because the action is chiral it is natural to promote the complex couplings to chiral fields as well. 

Coupling to minimal supergravity, which is both the simplest and best explored choice, implies 
that the Weyl parameter cr(x) becomes a chiral field too. Furthermore the supersymmetric gen- 
eralisation of the trace of the energy- momentum tensor ( "supertrace" ) is also chiral and defined 

by 

T = .|. ,«) 

The supertrace is related to the supercurrent by 

= -I'^c.T, (9.6) 
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where the supercurrent is defined by 



~ xxs ' (9-'^) 

Otlnn 



with Haa corresponding to the gravitational superfield.^^ 

Accordingly a SUSY version of (9.1) should be given by [106] 



S f S 
dtp J OA* 



W^A + c.c, (9.8) 



where A denotes the anomaly which consists entirely of terms that contain supergravity fields or 
depend on a derivative of A or A, 



Using the differential operators 



A = J (Fz(f)''aA. (9.9) 

A^^:=A^ + A^, (9.10) 
A^,^:=A'3 + A^ (9.11) 

A^ := / d'^zacj)^, (9.12) 

(9.13) 



the SUSY local RG equation can be recast into the form 

[/^^ - /:^P)W = A + A. (9.14) 
It is convenient to additionally split this local CS equation into a chiral and anti-chiral equation, 

{^^-^P)W = A, (9.15) 

{K^-M)W = A, (9.16) 
which gives rise to the following two Wess-Zumino consistency conditions, 

[A^-A^, A^-Af,]W^-0, (9.17) 

[Af-Af, Af-A^jiy^O. (9.18) 
It remains to find a suitable expression for the anomaly A. 

9.2 Basis for the Trace Anomaly 

In this Section a basis of dimension two operators is constructed that consists strictly of super- 
gravity superfields (supertorsions) and covariant chiral derivatives and furthermore contains no 
fields with negative powers. 

By assumption (see Section 9.1) the Weyl parameter a and the couplings A* are chiral scalar 
fields. 

The strategy for finding a basis of dimension two operators is as follows. 



To be precise, it is tlie quantum superfield associated to the gravitational superfield H^a in quantum- 
background splitting. In Wess-Zumino gauge the lowest component of the gravitational superfield H^^^ contains 
the vierbein. 

Due to the peculiarities of curved superspace there is actually a seemingly non-local term namely 
R~^Wai3-yW°'^'' , which is Weyl covariant by itself and could be trivially included in the discussion. The expression 
is related to the Pontryagin invariant. 
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Supergravity Fields 
quantity dimension undotted dotted 
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Table 10 Dimensional Analysis for Supergravity Fields: The total dimension of any basis term has to 
be two, the number of respective dotted and undotted indices even. 



1. Use the freedom to partially integrate to remove any derivatives on the Weyl parameter a. 
The anomaly then has the shape 



(9.19) 



with A = A{R, R, G„a, W'a^T,, W^^^, V, V, V\ VX). 

2. Expand in derivatives on couplings. Since the overall scaling dimension is supposed to be 
two, there are at most four derivatives and consequently at most four couplings in A. 

Furthermore since all basis terms for A should be scalars, the total number of indices should 
be even (dotted and undotted indices respectively). The properties relevant to these simple 
counting arguments are summarised in Table 10. 

The following combinations (bars not yet included) have a chance to yield the right dimension 
and index structure: 

2 X i?, 2x6*, {Ix R,2xV), (1 x G, 2 x P), 4 x V. 

Taking into account the algebra and Bianchi identities, several derivatives acting on the same 
coupling A can be brought to a standard order. I chose 

VaX, V^X, Vaa\ V^aVf^X, V^aV^ X, VaaV^^X, (9.20) 

and accordingly for A. 

In total there arise 38 terms, such that the basis ansatz for the anomaly reads 



B-A 



- b^^'^G^^G"" + b^^'^RR + b'^^'^R^ + 
6(^)(I?2i?)+6(S)(p2i?) 



bf^RV'^y 
bf^R&X' 



bf^R&y 
b'-pRV^X' 



bf\v''R){V^y) + b'i"{V^R){V''X) 
bf^G°"^V^^X' + 6^^'G""I?„iA' + b^pV^^V^^X' + bPv°"^V^^X' 
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6[f i?(I?"A^)(I?„A-') + b\''>R{V^\')i'D''\^) 



+ 6,(f G""(I?„A^)(P<iP") + 6,(f AO (I?oaAJ) 
+ 6i7^(I?""y)(I?„^A^) + (I?""A^O(I?„^A^O 
+ bl^\v"y){Va^V'^~X^) + (P"y)(I?„^I?"A^) 



+ b'^'{V''X'){V''X^) 



{V'X'){V'V) + bif\v'X'){v'X^) 



C P"AO(I?„A^)(P^A'=) + b'^^{V^X'){V^X'){V'X') 



b)^>iv''y)iv^x^)iv'X'') + b§{'D^X')iv''X^){V'x^) 



+ b 



..^ (P„<iA')(I?"A^)(P"A*) + 5g(P„^A0(P"A*)(P"AJ) 



+ bl^l{v'^y){v^xnivfx'')ivf'x') 
+ b^^^{v-x^)iv^xniv^x^)iv^x') 

+ 6;g(P^A0(P"Pl(P^AS)(P'^A'). 



(9.21) 



where b^-^'"'^^ are potentially functions of A and A.^^ However, this choice is not minimal as it still 
allows for partial integration with respect to Va because the chiral field a ignores these. Single 
derivatives on A cannot be removed by partial integration in general, since a derivative acting on 
the coefficient b reproduces the same term again. 

More precisely, due to 



J d^zbj{V'^X^)Xa = J d^z 



bj + {djh)X 



{p^X^)X^ 



d^zbjX^{V"Xa), 



bj = dj{biX^ 



(9.22) 



a basis term with a single derivative on A can only be removed from the tentative basis if a 6 
obeying (9.22) exists; i.e. the integrability conditions d^bj = djbi are fulfilled. This is certainly not 
true in general, but for only one coupling or if the theory is invariant under arbitrary exchange of 
the coupling constants A* <-^- A-', the basis reduces further. 

Apart from this complication, removable terms are those which cither have an outer T) derivative 
(as opposed to one being hidden behind a I?" ) or can be brought to that form by using the Bianchi 
identities and the supergravity algebra. 

The above "basis" not being a minimal set of operators is not really a problem (except for 
creating a bit of extra work in the foUowings), since it will be possible to consistently set to zero 
the prefactors to such superfluous terms belatedly. 



29 Note that fe(^) and ft*^) are the only coefficients which potentially can be asymmetric in two indices of the 
same type. As we will see later, the variations are symmetric, so consistency conditions can only give results for 
the respective symmetric part. 
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9.3 Wess-Zumino Consistency Conditions 
It is now time to evaluate the Wess-Zumino consistency conditions 

[A^-A^, A^-Af,]iy = 0, (9.23) 

[Af -Af, A^-A^]M^ = 0. (9.24) 

As shall be seen, all necessary expressions can be determined from 

(A^-A^)(A^-Af,)W^, (9.25) 

which requires to calculate the Weyl variation of all basis terms as well as to determine the 
expressions 

Ar(A^-Af,)W', Af(A^-Af,)T^- (9.26) 

Since the calculation is straight-forward but tedious, the results have been banned to appendices A, 
B and C. 

The general structure of (9.25) is 

(A^-A^)(A^-Af,)M^ 

= J (fzE-^<j'{aTa + (P"(7)J^c + {V'^<y W2 + (I?""cr)J^ad 

+ {V^o.V''a)T^ + (P,Al?""a).F4}, (9.27) 

where the coefficients T can be determined from the intermediate results in appendix A and are 
listed in appendix B. 

The naming scheme for the anomaly terms has been chosen such that the calculation of the 
Weyl consistency conditions only requires 

I^a^a'W (9.28) 

to be computed by variation. The reader may convince himself that the other three operator 
combinations can be determined from the following simple set of rules. 

(9.29) 
(9.30) 



(9.31) 









= (A,A,,ly)^ 




■.= m, 




— 5-, 




— cr. 


(...)- 


:=(...); 




= (A,A,.W^)\ 



(9.32) 

where (...) denotes anything that is not covered by explicit prior rules. Note that for the few real 
terms, it holds h^^'' = b^^\ 

So the [A, A] Wess-Zumino consistency condition (9.23) is 

[Ar-A^,A^-Ae,]M^ 

+ {Ta,^ - Va^^Ti) + iG^o^H ] : (9-33) 
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while the [A, A] Wess-Zumino consistency condition (9.24) yields 
[Ar-A^,Ar-Af]W^ 



aa (b) + c7(V""a) (c) + {V^^a){V''"a) (d) 
with (b), (c) and (d) the respective left hand sides of 



(9.34) 





+ ^13" (J-^ ~ T^aa^ i) + *Gqq.JF" = 0, 


(9.35a) 






(9.35b) 




- 2i{Vc.R)Ti - 2iG""(Pa^3d)}^ - c.c. = 0, 


(9.35c) 




- T^aa^i - 'Da^Sa}^ + C.C. = 0, 


(9.35d) 


- 

r 4 - 




(9.35e) 



which constitute the full set of consistency conditions on the level of abbreviations J- . The complex 
conjugate of (9.35a) is an additional part of this system. 

These coefficient consistency equations are the main result of this Part. Unfortunately expanded 
out they fill about three pages and have been put into Appendix C, therefore. 



9.4 Local Counterterms 

The vacuum energy functional W is only determined up to the addition of local counter terms 
5W ^ a convenient choice for which is provided by the basis used for the anomaly, since it allows 
to reuse the results from the Wess-Zumino consistency condition: 



W = W + 5W, 
5W = / d^zE-^5B-A, 



(9.36) 
(9.37) 



with 5B ■ A analogous to (9.21). To fulfil the reality requirement 5W = 5W , it is necessary (and 
sufficient) to choose the coefficients 5h from 5B according to 5¥-^^ = Sb'^^^ for any 
Realising that 



5W = A„,W 



(9.38) 
(9.39) 



■'^ In particular for coefficients of the single, real terms (A), (B), (L), (M), (P), (C/), this amounts to taking 
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the effect of adding the local counter terms 6W to the generating functional W is seen to be 

A^{W + 6W) = A„{W + A^,W\^) (9.40) 

+ j d^zE-'^a {To-V°'Ta+'D'^:F2-V°'"Taa (9.41) 

where in the last line equation (9.27) has been used. 

In other words, the addition of local counter terms corresponds to the mapping 

B-A^B-A+ {To- V"Tc + ^^^2 - X>"".F„<i (9.42) 



s 



9.5 S-duality 

A/" = 4 SYM is invariant under an SL(2,]R) symmetry that is preserved on the quantum level. 
Explicit calculations indicate the symmetry is also maintained to one loop during coupling to 
gravity. Assuming that this is true to all orders, one might restrict the discussion of anomaly terms 
to superfield expressions that are manifestly invariant under that symmetry for the discussion of 
an A/" = 4 fixed point. 

The theory of modular forms easily fills an entire book [107], but the consideration here shall 
be restricted to SL(2, R) invariant terms that can be build from the basis of anomaly terms (9.21). 

In terms of the complex coupling p- ~ 5^:7 the SL(2, R) symmetry is generated by the two 
transformations 

+ (9.43) 

A 

which have this unusual form due to employing the convention of taking the coupling constant 
g~'^ as the real part of A. 

It follows immediately that for coefficient functions 6(A, A) in the anomaly it holds b = 5(A + A). 

In addition one observes 



1 

A + A 




(9.44) 






(9.45) 




A^ 


(9.46) 


D^Ah- 




(9.47) 


ro^Ah- 




(9.48) 




^-^D„<iI?"A, 


(9.49) 



where 



D^A :=I?2a- -^^(I?"A)(I?„A), (9.50) 

A -|- A 

2 



WX:^W\^V'X~ ^{V^X){V°'\), (9.51) 

A -|- A 
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Therefore S-invariant expressions are given by 
1 



(A + A)2 



(D^A)(D^A), ^ (P),(5),(5),([/) (9.52) 



^^^(I?"A)(I?„d2A), ~(L),(0),(f/),(T) (9.53) 

-^^(P^D2A)(P"A), (9.54) 
(A + A)-^ 

^^^^(P„^A)(I?"^A), ~ (M) (9.55) 

— i^G""(I?„A)(P^A), ~ (L) (9.56) 

(A + A)^ 

.^-1^{V'^X)(V^X)(V^X){V"X) ^ ([/) (9.57) 

and moreover the A, A independent terms (A) to (D). 
9.6 Towards a Proof 

For the proof of Zamolodchikov's theorem in two dimensions, the crucial ingredient is the connec- 
tion of the anomaly coefficients to correlation functions from which the positive definite Zamolod- 
chikov metric was defined, see Sections 8.4 and 8.4.1 in particular. 

As an example of how this procedure works the consistency condition (C.3f) from the appendix 
shall be discussed, 

(T) 

5 -r is the only coefficient function that is not (anti-)symmetric in indices of the same kind. From 
the expression above it can however be projected out by multiplying with , which leaves 

(3^ [6(f) - 26(|) - d-, (/3^6(f ))] = 0, (9.58) 

In fact b'l^^ vanishes identically as a consequence of the RG equation, which for the anomaly 
restricted to that coefficient reads 

li-^W + l3'd,W = b\^\v^X'){V^X^). (9.59) 
on ■' 



Acting on it with jfr^, gives 



IJi^{0^0^) + I3'd^{0''0^) = b[^\v^S^{z)){VH'^{z')), (9.60) 



where the left-hand side vanishes by non-renormalisation of chiral correlation functions. It imme- 



diately follows that b\f'' = 0, which means that equation (9.58) implies 



(}^P^\b^^-2l^]^0. 



(9.61) 



This is the supersymmetric version of equation (8.49), which reads 
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though from (9.61) the right hand side is zero when taking into account 

6^''^~X^-X^ fef^^'-X^ (9-62) 

as will be seen from the component expansions (9.68)-(9.70) of the next Section. This is just as 
required for a proof of the a-theorem, since can be shown to be positive definite in a particular 
scheme. In that scheme, 

-r-^(O.(x)O,(0)), (9.63) 

where the right hand side is positive definite by unitarity. The set of counterterms which are 
needed to change to a scheme where x° = X° were determined in [108]. 

Of course the other anomaly terms might contribute further terms to the simple identification 
between 6^*^), b'^-'"^ and x^, thus spoiling the success. Actually from the whole basis for the 
anomaly, there is only one term which could do so, namely (2?^A)(2?^A), which seems harmless 
since its component expansion yields only (V^A)(V^A*). Moreover it is expected to conspire with 
the (M) and {L) terms from the anomaly basis to form a supersymmetric version of the "Riegert 
operator" as shall be explained now. 



9.7 Superfield Riegert Operator 
For Af — A Yang-Mills theory [53] obtains a one-loop trace anomaly that contains the operator 

— ^— (V^AV^A* - 25™"V™AV„A* - i7^V™AV™A*) , (9.64) 

[A + A ) 

which basically is the Riegert operator (8.17).'^^ Note that the bosonic Riegert operator is a direct 
consequence of the (bosonic) consistency conditions for the A/" = 4 case. It is therefore important to 
reproduce the Riegert operator in the component expansion of the superfield formulation employed 
here. 

This result indicates an inconsistency with our result because there does not seems to exist a 
superfield expression that generates this Riegert operator in a component expansion. Therefore 
it cannot be generated as part of the derived superfield trace anomaly. 

Strange enough in components a super- Weyl covariant version of this operator is known such 
that the following expression [55] is invariant under super- Weyl transformations, 



I (9.65) 

-\ximDnXF„^n + F* [D^ - -{R - 4'„^n.m)]F 

-|- (gravitino terms), 

with 

i?mX = V™X + f75^mX, F>^ = [dm + f An)F, (9.66) 

and (j), i/j, F the components of a chiral field of Weyl weight 0. 

Therefore one should expect a superfield version A|j. of this operator to exist such that 



3Wcyl 



[ / d^zE~'^XA%X] = 0, (9.67) 



31 



The factor in front plus some further terms are required to make the operator SL(2, R) invariant in addition. 
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with ^weyi indicating a super- Weyl transformation. 

On the other hand one might simply use a component expansion of all basis terms and determine 
the hnear combination that yields the bosonic Riegert operator (8.17) as its lowest component. 

Such a component expansion can be quite involved, but fortunately there is only a limit number 
of terms that can contribute. Here the discussion shall be restricted to a few natural candidate 
terms which already produces some interesting results. 

V^{& ~AR)iV'^X){t>'^X)\ = 256(V^A)(V2A*), (9.68) 

' b 

V^{& ~'iR)G°'"{Va,X){'Da,X)\^ (9.69) 

= 64(e(^,) + i5^,7^)(V'^A)(V''A*) - fn{W^X){V^X*) + (imag.), 
2?2(p2 „ 4i?)(2?^^A)(I?""A)| 

' b 

= f 7^5^,(V^A)(V'^A*) - 32(V^A)(V2V^A*) + (imag.) (9.70) 
= f 7^5^,(V^A)(V'^A*) - 327^^,(vn)(V''A*) 
+32(V^A)(v2A*) + (total deriv.), 

where the following relations have been used, 

[v^,v,]y'' = 7^%,y", (9.71) 
v^v^i/^ v^v2v^ + 7^,^v"y. (9.72) 

First of all one should note that (9.68) can be expressed by a linear combination of (9.69) and 
(9.70) and a total derivative, which is just the component version of (7.94), 

{V^X){&X) = 4G„a(I?"A)(P"A) + 8(P„^A)(2?""A) 
+ (total derivative). 

This relation being preserved in the component expansion is a strong indication for equations 
(9.68)-(9.70) to be correct. 

Up to this identity the only combination of the candidate terms (9.68)-(9.70) that yields the 
bosonic Riegert operator as its lowest component is 

(I?2A)(p2;^) _ 8 Gc,a{'D"X){t>"X). (9.74) 

This combination is not super- Weyl covariant however and it turns out that for the anomaly 
basis (9.21), there is no non-trivial super- Weyl invariant expression that includes {'D^X){&X) — or 
{'DadX){'D°'°'X) by (9.73). In other words, there is no superfield version of the Riegert operator 
for chiral fields of Weyl weight 0. This is rather puzzling since the component version does exist. 
What may have gone wrong? 



9.8 Discussion 

Equation (9.73) provides a rather non-trivial consistency check for the component expansion and 
the Weyl variations are simple to check. One should therefore be confident that the result of the 
previous Section is correct. 

Since the Weyl parameter in minimal supergravity is a chiral field, it naturally also encodes 
superlocal U(l)fl transformations. So perhaps one is simply requiring too much symmetry. Since 
the expressions are global U(l)fl invariant anyway, neglecting the local symmetry corresponds to 
allowing terms that contain derivatives acting on ct — fj. Due to Vaicr ~ a) = I?q(ct + a) this 
cannot be distinguished from super- Weyl transformations. 
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In non-minimal supergravity it is possible to not require invariance under local 11(1)^, and a 
possible super- Weyl covariant operator (in the conventions of [103]) is given by 

(©„aA)(D""A) (9.75) 

with the Weyl covariant vector derivative for scalar chiral yields of U(l)fl charge y given by 

Bad «(Vd - i(| + 2;)f ^)(V„ + iyTo,), (9.76) 

5paa\] = LBaa^- (9.77) 

In new-minimal supergravity the U(l)fl drops from the formulation and it is possible to give a 
superfield Riegert operator for linear superfields of Weyl- weight that is covariant under the full 
invariance group of the supergravity algebra [56] 

D«dD""-)-^(I?„r^+P^T„)D«", (9.78) 

where D^a — — -^(TaT^a + Ta'Da) is a super- Weyl covariant derivative. 

The difficulties to formulate fields of arbitrary Weyl and U(l)i^ weight in a superconformal 
framework are long known (see for example [109]) and led to the introduction of a chiral compen- 
sating field. This can be most easily illustrated taking a chiral field A as an example. It clearly 
should transform under generalised super- Weyl transformations according to 

A^e"+"+"-*A, (9.79) 

with n+ a real number and rt_ in order to stay a chiral field. In other words the type of the 
field dictates a fixed relation between its U(l)fl charge and its Weyl weight. Therefore a single 
field transforming as $ i-^ e'^ $ can be used to bring all other fields to a fixed Weyl and U(l) 
weight, by redefinitions of the type A = $~"+ A for example. 
A suitable set of invariant supergravity fields is given by 

D„ = UPa - 2{V^l})Map, U = [^r^+lVp"-!]-^, 

Bad - t{B„, D,.}, 

T„=D„T, T = lnU''U^ (9.80) 

G„a ^ UUG„a + i(]D)i lnU)(Ba InU) 



2 ^ 

-hiBdB„ ln(U2U"i) - iB^D^i ln(U2U"i), 



where is a linear conformal compensator which transforms under Weyl transformation ip i—^ e'^ ip 
according to 



^f' = exp 



3n- 1 

a — a 

3n+ 1 



2)^(7 = 0. (9.81) 



The case n — \^ corresponds to minimal supergravity and the compensator $ := ^ is a chiral field. 

It should be remarked that the expressions (9.80) can be easily obtained by replacing a and a 
in the Weyl transformed objects by — ln<I> and — In'l' in a similar way as in the bosonic case in 
Section 8.1.4. 
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One might think of taking the already known chiral compensator cp''^ as the compensator $ 
in (9.80). However this use of the chiral compensator ip, which is also a prepotential that trans- 
forms under the A supergroup, would break invariance under that symmetry. Another interesting 
possibility is the use of 

n = l + j (fz'E-^{z')G+-{z,z'), (9.82) 

where is the Feynman superpropagator defined by 

liV"" -m),G+-{z,z')=5\z,z') (9.83) 

and 5^{z, z') is the chiral delta distribution. 

A simple consequence of the defining relation is 

VM = 0, (V^ - 4:R)n = 0, (9.84) 

which implies Q i~> e^'^ Q under super- Weyl transformation and f2 is a suitable (though non-local) 
compensator. For superconformal backgrounds f2 actually becomes local and take the form 

ip-^ + 0{Jf). (9.85) 

With such a compensator the expression 

(d2a)(]D)2A) - 8(G„<i(D"A)(D"A) (9.86) 

yields the bosonic Riegert operator and is super- Weyl invariant. Unfortunately the latter is also 
true for any other expression, so not much has been gained. In particular in the presence of a 
compensator the criterion for Weyl invariance of a term is the absence of any functional dependence 
on that compensating field, which is certainly not true for (9.86). 

Another approach may be to ask what is a natural Weyl invariant operator for an arbitrary 
field, such that the operator does not coincide with the Riegert operator. For example 

is invariant when ip i— s- e'^~'^ ip. This transformational behaviour is incompatible with being 
a chiral field. It is possible for ijj being linear, but that assumption annihilates the operator of 
course. 

For a real field a Weyl invariant operator is given by 

E-^VV^iV^ - 4:R)VaV = E-^VaiV^ - 4i?)I?"T/, (9.88) 

with additional gauge invariance V t-^ V + X + X, where A and A are chiral and anti-chiral fields 
respectively. 

Since the A/" = 4 case should also incorporate SL(2, R) symmetry with invariance of the anomaly 
under 

X^X + i, X^\, (9.89) 

A 

one might be tempted to use the SL(2, R) Kahler form 

y = In A + A 

to also include that symmetry. Of course the operator will then contain additional pieces acting 
on more than two fields. However those pieces which do act on only two fields form exactly the 
combination (9.73), such that the Riegert operator is missing again. 

It seems that there is something in the minimal supergravity formalism that does not allow for 
superfield formulation of the Riegert operator. I strongly suspect that it is the U(l)ij symmetry 
that spoils the formulation of the operator by being inevitable tied to the super- Weyl transforma- 
tions. 
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10 Conclusions 

For the understanding of quantum field theories, its coupling to gravity backgrounds has proved a 
valuable tool. The discovery of AdS/CFT correspondence, which realises such a coupling holograph- 
ically, has revived the interest in this idea and been a major break-through in the understanding 
of strongly coupled Yang-Mills theories. While the original AdS/CFT duality involves N — A 
supersymmetric Yang-Mills theory, it has soon been extended to less symmetric, more realistic 
theories. 

In this work, such an extension is explored in more detail, taking as a starting point the M — 2 
supersymmetric D3/probe D7-brane framework of [20], which is dual to Af — 4 supersymmetric, 
large Nc SU(iVc) Yang-Mills theory augmented by a small number Nf of Af = 2 hypermultiplets 
in the fundamental representation. By holographic methods, this theory's meson spectrum can 
be calculated analytically at quadratic order [24]. 

I considered first a geometry more general than the conventional AdSs x and second an 
instanton gauge configuration on the D7-branes. The general strategy was to introduce back- 
ground configurations that reproduce the conventional setting in certain limits. This allowed to 
make contact with the ordinary AdS/CFT dictionary and is an important feature of this approach 
compared to others in the area that is sometimes referred to as AdS/QCD. 

The following results were obtained: 

• A holographic dual of spontaneous chiral symmetry breaking by a bilinear quark condensate 
{'ip'ip') was found. Since such a condensate is prohibited by supersymmetry, this required to 
use a background'^^ that completely breaks supersymmetry and approximates AdSs x S'^ only 
towards the boundary. By standard AdS/CFT, the boundary of the space-time is associated 
to the ultraviolet of the dual field theory, such that the configuration describes a.n J\f — 2 
theory that is relevantly deformed and flows to a non-supersymmetric infrared. 

I calculated the quark condensate {Tpip} as a function of the quark mass niq, which gave 
a non-vanishing quark condensate in the limit niq 0; i.e. sponetaneous chiral symmetry 
breaking. Moreover I determined the meson spectrum and demonstrated that the meson 
mode associated to the \J{1)a axial symmetry, which is geometrically realised as rotations, 
becomes massless in the rriq limit as expected for a true Goldstone boson. When niq ^ 
this mode becomes a pseudo- Goldstone mode, which obeys the Gell-Mann-Oakes-Renner 
relation niq. In the large quark mass limit, the mesons lie in the supersymmetric 

regime such that their mass is degenerate and approximates the analytic results of the Af = 2 
theory. 

In addition I determined the mass of highly excited scalar and pseudoscalar mesons, which 
have the interesting feature of not being degenerate in this setup. 

• The dual description of the mixed Coulomb-Higgs branch of the Af ~ 2 theory was found. 
The Higgs VEV corresponds to the size of an instanton configuration on the supergravity side, 
establishing a link between supersymmetry and the ADHM construction that was known to 
exist. Such an instanton configuration can only exist when there are at least two flavours, 
such that a non-Ahelian Dirac-Born-Infeld action had to be used. Ordering ambiguities can 
be avoided since a calculation to quadratic order is sufficient, but a crucial insight was the 
use of a singular gauge transformation to obtain the correct boundary behaviour consistent 
with the AdS / CFT dictionary. 

Having overcome this major obstacle, I numerically determined the meson spectrum and 
found it to approach the analytic Af — 2 spectrum in the limit of vanishing and infinite Higgs 
VEV, though in the latter case a non-trivial rearrangement was observed, which could be 
explained to arise from above singular gauge transformation. 



Here a background by Gubser and Kehagias— Sfetsos [40, 39] was chosen. 
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• A geometric realisation of heavy-light mesons was developed; i.e. mesons build up from a light 
and heavy quark providing a framework for the description of B mesons not available before. 
Since a realisation in terms of a non-Abelian D7-brane action only makes sense for small mass 
differences, a different approach has to be chosen. The configuration under consideration is 
that of a long string stretched between two D7-branes with a large separation, where the 
D7-branes are arranged to correspond to a massless and a heavy quark respectively. 

I describe an effective point-particle action derived from the Polyakov action for a straight 
string in a semi-classical approximation. After quantisation the equation of motion gives 
rise to the spectrum of mesons consisting of a massless and a heavy quark. I evaluated the 
spectrum in the standard AdSs x S*^ background, where I could find an analytic formula 
for the numerically determined heavy-light meson masses, and for the non-supersymmetric 
backgrounds by Constable-Myers [46] and by Gubser, Kehagias-Sfetsos discussed earlier. In 
the former case a comparison with the experimental values of the B meson mass yields a 
deviation of about 20%. 

The models considered in this thesis are not meant to be realistic duals of QCD, but instead 
focus on a particular aspect like chiral symmetry breaking by a chiral quark condensate, the 
meson spectrum for D3/D7 AdS/CFT either non-supersymmetric deformed or with a Higgs VEV 
switched on, and the spectrum of heavy-light mesons in several backgrounds, giving a description 
of B mesons. 

It would be certainly interesting to extend the techniques developed in this thesis to a more 
realistic example of AdS/QCD.^'^ Over the last years there has been steady progress towards such 
a description, including string theory duals of theories that exhibit chiral symmetry breaking 
[86, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128]. 
There are however three major points that need to be addressed in future refinements of AdS/QCD. 

The models considered here have a UV fixed point, but they are not asymptotically free. The 
weak-strong nature of the duality, which makes AdS/CFT so interesting, unfortunately means that 
weak coupling in the field theory's UV implies strong curvature towards the boundary of the AdS 
space, thus requiring a full string theoretical treatment, which currently is not feasible. Lacking 
that, there are recent attempts to circumvent the situation by introducing a UV cut-off in the 
geometry to produce phenomenological models of QCD dynamics [99, 100, 129, 130, 131, 132, 133, 
101, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143]. 

A second problematic property is the probe limit Nf <C Nc, which corresponds to the quenched 
approximation of lattice QFT. Additional contributions are roughly of the order Including 
the backreaction of the D7-branes on the geometry would allow the number of fiavours to be of 
the same order of magnitude as the number of colours. Such backgrounds have been considered 
in [85]. 

The last important aspect is the separation of the SUSY and confinement scales. In the B physics 
example discussed in Section 6.3, the B meson is far in the supersymmetric regime. To change 
this situation one needs a background configuration that incorporates at least two different scales. 

From the recent works cited above one can read off a tendency to focus on particular aspects of 
the larger problem of finding a holographic dual of QCD and YM theories, an approach also to be 
found in this thesis. A challenge for the future will be to incorporate into one model as many as 
possible of the insights gained here and elsewhere since the discovery of AdS / CFT duality almost 
ten years ago. 



In the second Part of this thesis the coupling of supersymmetric quantum field theories to 
minimal supergravity was investigated. Coupling a gravity background to a conformal quantum 



In particular the heavy-light meson construction could be easily extended to other, more realistic models. 
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field theory gives rise to a conformal anomaly 

{Tm"') =cC^ - aiZ^ + bTZ^ + fUR. (★) 

In [52] a space-time dependent coupling approach was used to calculate consistency conditions for 
the coefficients in the two-dimensional anomaly providing an alternative proof for Zamolodchikov's 
c-theorem. However [52] did not obtain consistency conditions sufficiently restrictive to extend 
the theorem to four dimensions. 

The specific project pursued here was to extend this technique to superfields and determine 
the conformal anomaly for those supersymmetric field theories whose coupling constants can be 
promoted to chiral fields A. A prominent example for such is given by super- Yang-Mills theories. 
The steps performed in detail were: 

• I determined a complete ansatz for the conformal anomaly by finding a basis of 38 local 
superfield expressions of dimension 2 and composing a linear combination with arbitrary 
coefficient functions 6(A, A). In the constant coupling limit, these coefficient functions become 
the superspace analogue of the coefficients c, a, b and / that appear in the bosonic conformal 
anomaly (★). 

• Then I calculated the Wess-Zumino consistency conditions for the coefficient functions, which 
arise from the fact that Weyl transformations are Abclian. 

• Furthermore I discussed the dependence on local counterterms and possible consequences of 
S-duahty in the A/" = 4 case. 

• It is noted that a superfield version of the Riegert operator'^'* is needed to make contact 
with an existing one-loop calculation [53]. Various approaches to the problem of finding a 
superfield Riegert operator (which is independent of the anomaly calculation presented) have 
been discussed. The conclusion is that the problem is rooted in the 11(1)^ symmetry being 
built into the formalism of minimal supergravity in superfield formulation in a local way, 
while on the component level the U(l)ij is only realised as a global symmetry. 

In order to check this assumption it would be desirable to repeat the full calculation in a 
component approach. The sheer size of this task is daunting however: The basis for the anomaly 
I found contains about 40 terms in superfield formulation plus their complex conjugates. As 
a consequence the calculation of the Wess-Zumino consistency conditions is very involved and 
potentially error prone. A component based approach will probably incorporate even more terms 
and should therefore be implemented with the help of a computer. Unfortunately a computer based 
treatment of supergravity has a number of requirements not satisfied by any existing computer 
algebra system (CAS) today. These requirements are 

• an efficient mechanism for the representation of tensors and contracted indices, 

• handling of commuting, anticommuting and non-commuting objects (this should include the 
ability to reduce a number of terms to a canonical basis of terms using the supergravity 
algebra and Bianchi identities), 

• a way to represent non-commuting tensor valued functions of other objects (e.g. for non- 
anticommuting spinorial derivatives), 

• making no assumption about the symmetries of the metric. 



The Riegert operator is the unique conformally covariant differential operator of fourth order acting on a 
scalar field of Weyl weight 0. 
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• allowing torsion, and 

• no automatic expansion of compact parenthesised expressions into a lengthy sum of terms. 

Of the existing systems, FORM [144] seems to be coming the closest to these requirements since it 
provides a rather low-level tensor support without restrictive internal assumptions. Its summaris- 
ing capabilities are unsatisfactory however and may be a major obstacle in the implementation of 
a computer based analysis of the trace anomaly. 

Another promising program is Cadabra [145, 146], which meets all of the above requirements 
but is still in a development stage. 

Nevertheless the next steps in a future analysis of the trace anomaly are the implementation 
of a supergravity computer algebra package and a component based analysis. As outlined above 
this is a difficult task, but the results presented in this thesis can serve as a highly non-trivial unit 
test to confirm the correctness of such a package. Then one may carry out a complete component 
expansion of all basis terms and reexamine the question of whether a superfield version of the 
Riegert operator does exist in minimal superfield supergravity. This analysis can then be easily 
extended to non-minimal SUGRA and as a check one may reproduce the Riegert operator in new- 
minimal SUGRA as well. 

A reimplementation of the whole calculation in a component based approach would provide 
an independent source of confirmation for the results of this thesis. // a superfield based treat- 
ment of minimal supergravity is consistent on the quantum level, '^^ the two calculations should 
actually yield the same result, strengthening confidence in the results presented here. Of course 
inconsistency would be an interesting result in its own right. 

In any case I hope to have provided a basis for understanding the structure of the conformal 
anomaly in supersymmetric field theories coupled to supergravity. 
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A Weyl Variation of the Basis 

This Chapter provides the Weyl variations of all basis terms. The terms for can be extracted 
from those proportional to a, and correspondingly for the complex conjugated fields. 



{k.lA) 
{k.lB) 
(A.IC) 
(A.IC) 



ESlE-^RR] ^ -\{V^d)R-\{V^a)R 
E5[E-^R^] = 3(d- - a)R^ - \{'D^a)R 
E5[E-^R^] = 3(cr - (t)R^ - \ {V^(j)R 



See [57] on why a superfield treatment of minimal supergravity sfiould be consistent and [58] on the question 
of consistence of anomaly calculations in the presence of compensating fields. 
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E5[E-'^V'^R] = -2{V"a){VaR) - 2(X>V)i? - {V'^V'^a 

= -2{V^a){VaR) - 2{V'^a)R 

+ 2{Vc,a'D°"^a) - 2iGaa{'D""a) {A.ID) 
Ed[E-'^V'^R] = -2{Vaa){V"R) - 2{V'^a)R - \V^V'^a 

= -2{'D^a){V"R) - 2{&a)R 

+ 2{Vc,a'D°'"(T) + 2iGaa{'D""cT) {A.ID) 

ES[E-^RI>^X] = -\{&a){V^X) + 2R{V°'a){Vo,\) (A.IE) 

E5[E-''RD'^X] = -\{V'^a){f>'^\) + 2^(Pact)(P«A) {k.lE) 

E5[E-''RD'^\] = 3(a - a)R{V^\) - {{&a){&X) 

+ 2R{'D^a){'D"X) (A.IF) 
E6[E-'^RV'^X] = 3(ct - a)R{V'^X) - i(PV)(P^A) 

+ 2R{V°'a){Vc,X) (A.IF) 
E6[E-'^{V"R){VcX)] = -2{V"a){VcX)R- \{V"&a){VcX) 

= -2{V''a){V^X)R + - iV"''){'D^a)]{V^X) (A.IG) 
E6[E-'^{V^R){V"X)] = -2{'Dc,a){V"X)R- \{Vc,V'^a){V"X) 

= -~2{T>Aa){T>"X)R - [(G"" + W""){V„a)]{VaX) (A.IG) 
ES[E-^Gaa'D"'^X] = i[V^&{(j - a)](2?""A) 

-iG„^,(P"S)(I?"A) (A.m) 
£;(5[£;-iGaaP""A] = i[I?„d(a - a)]{V°"^X) 

- |G„<i(I?"a)(P"A) (A.li?) 
M[£;-i(P""I?„dA)] = (I?""(CT + CT))I?adA-i?(I?"a)(I?„A) 

-|(P"a)(I?„Ap"A) + G"'^{'D^a){V^X) (A.l/) 
E5[E-^{V'^'^V^J,)\ = + CT))I?adA - R{'Do,a){V"X) 

-|(P"(7)(P„<iP"A) - G""(2?„(7)(PiA) (A.l/) 

E5[E-'^R{V°'X){Vo,X)\ = -i(p2^)(D"A)(D„A) (A.IJ) 

£;^[i;-^E(Pc«A)(C"A)] = -i(DV)(PdA)(P"A) (A.IJ) 
E5[E-^R{V°'X){Vc,X)\ = 3{a - a)R{V°'X){V^X) 

- i(PV)(D«A)(P„A) {K.1K) 
E5[E-^R{Vi,X){V'^X)\ = 3{a - a)R{Vi,X){V"X) 

- l{t>^a){V^X){V''X) {A.1K) 
Ed[E-^G''"{VaX){'Dc,X)] = i{V^o.{a - a)){V°'X){p"X) (A.li) 

i;,5[i;-i(P„^A)(P««A)] = -|(P<ia)(I?„A)(I?""A) 

-i(I?"a)(P"A)(I?„<iA) (A.IM) 

£;(5[S-i(7?""A)(2?„dA)] = -i(P"<T)(P°A)(I?c„iA) (A.17V) 

i;5[£;-i(P""A)(I?adA)] = -i(I?"a)(P"A)(Pc«dA) (A.17V) 
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E5[i;-i(D«A)(P«c«^"A)] = i(P"A)[(P„i(a + a))(P«A) (A.IO) 

- i(I?«a)(p2A) + 2(P"a)(I?„<iA)] 



+i{Vo,a){V^\) + 2(I?"cr)(I?„dA)] (A.IO) 
Ed[E-\V^X){&X)] = 2(2?"a)(2?„A)(p2A) 

+ 2(P«a)(r'2A)(P"A) (A.IP) 
^5[i;-i(D2A)2] =3((t-ct)(D2A)2 

+ 4{V^X){V"a){V^X) (A.ig) 
^^[£-i(p2A)2] =3(ct-ct)(P2A)2 

+ 4(p2A)(P^a)(C«A) (A.ig) 
ES[E-\V"X){Vc,X){V^X)] = 3((T - a) (D" A) (Da A) (D^ A) 

+ 2(2?"(t)(7?„A)(D''A)(D/3A) (A.lii) 
£;5[£-1(D^A)(D"A)(D2a)] = 3(a - a){-D^X){-D"X){&X) 

+ 2{p,,d){V^X){V^X){f)^X) (A.li?) 

E5[E-^{V''X){VaX){V^X)\ = 2(I?"A)(I?„A)(D<ia)(D"A) (A.IS*) 

i;<5[£;^i(DAA)(2?"A)(I?2A)] = 2(D<iA)(D"A)(I?"(j)(I?„A) (A.IS*) 

M[i;-i(I?„,iA*)(2?"A^')(D"P)] = |(2?"A^)(7?„A*)(DAa)(D"P) (A.IT) 

E5[i;-\l?„<iA*)(I?"A'=)(I?"A^")] -i(D<iy)(D"F)(P"(7)(P„A'=) (A.IT) 

E5[E-\V'^X){Vo,X){f)fX){f)'^X)\ =0 (A.l[7) 

i;<5[i;-i(p"A)(D«A)(D'^A)(i?;3A)] 

= 3(cr - CT)(I?"A)(E>„A)(D'^A)(D/3A) (A.IF) 
M[£;-1(D^A)(D"A)(P^A)(D'5A)] 

= 3(a - a)(Dc<A)(D"A)(D^A)(D^A) (A-IF) 



B Wess-Zumino Consistency Condition 

Weyl Contribution 
For the coefficients defined in 

(A^)(A^-Af,)H^ = j d^zE-^a'{cjCo + {V'-u)C„+ 

{V^a)C2 + (I?""a)C<i + {V^^V"a)Ci + {V^^V""a)C4} , (B.l) 
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one obtains 



(B.2a) 



(B.2b) 



Co = -3&«^)i?2 + 36('^)i?2 

+ ib^^^R{V°'X){Vo,X) - [36(^)i?(PaA)(P"A)] 
+ 36(O)(p2A)2_3&(0)(p2^)2 

+ 3(2?"A)(I?„A)(I?2a)6(«) - 36(^)(^aA)(P"A)(p2a) 

- [2(I?„A)i?6(«)] - [G„^(P"A)6«5)] 

- iG„,.(P"A)6(^) - |6(^)(P"A)(P„,,A) - i(P"A)(P„<iA)6(^) 

- [|(I?„A)(p2A)6(o)] - [6(o)(p^^A)(P"A)] +26(^)(P„A)(p2A) 
+ 45W)(p2^)(p^A) + 2(I?„A)(I?'3A)(I?^A)6(^) 

+ 26(^)(^aA)(^"A)(I?„A) - f6(^)(^aA)(^"A)(I?„A), 

-26('°)i?- i(p2A)6('®) (B.2c) 

- i(C2A)6(-^) - i(P^A)(P«A)6(-^") - i6W(D«A)(C„A), 

- z(P„dA)6(^) - i(Pac«A)6(^) (B.2d) 
-i6W(P„A)(©^A)+ [i6(0)(D„A)(P^A)] - [i6('5)(^^A)(C^A)] , 

Cf = [i5('5)(p'iA)], (B.2e) 

C4 = [26(^)] . (B.2f) 



For further discussion, it proves useful to sort its contents with respect to derivatives on A or A. 



Co = -Sb^'^^R^ + ib^^^R? 

- [m{v'^\')bf^] + m{V^y)bf^ 

+ 3bipR{V^y){V^X^) - [3bipR{'D^~X'){V'^~X^)] 

+ 3b[f\v^X){V^X^) - 36^f (p2y)(p2^j) ^3 3^^ 

+ 3(2?"A0(I?„A^)(I?2a'=)6(J - 3fe;j(P^y)(P"A^)(p2AS) 
+ 36|2 (2?" A' ) A^' ) {V^' A'= ) (Vp X' ) 

-36;J^(:DaA^)(^"a^1(p^a^)(:d'^a'), 
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+ (P„y)(P^P")(-[i6(f]+2^>: 



(P) 



(B.3b) 



ijk 



(B.3c) 
(B.3d) 



- \{V'y)bP - \{V^y){V''¥)b^p - \b^\v"X'){V^X^), 

Caa = 2tGU[b^^^] - + {V^^X^){[bP] - [ibf^]) 

+ - + ([i&If ] - [i^?^] - )(P"A^)(P"A^") 

= (B.3e) 

C4 = [26(-^)] . (B.3f) 

Beta Contribution 

Acting with the operator A'' on the conformal anomaly, one first notices, that ^ should only 
act on derivatives of A, since otherwise a aa' contribution, which vanishes from the commutator, 
is created. 

A^(A^ - A^^,)W = J d^zE-'a'{aP\diB^o))A^o) + (i?"^/3')4 (B.4) 
£a = [bf\v„R)] + [2b\pR{V^X^)]+2b\pR{V^X^) 

+ b^G^ai'D'^X^) + (^?adP"F)] 

+ 2b^i{V^X^){V'X>') + [2bl^l{V^X^){&X^)] (B.5a) 
+ 6g(P„AA^)(P«A^) + 652(C««F)(C^A^) 
!>5>„A^)(P^A^)(P'^A^^..,^.,, 

S, = b\^^R + hf^R + h[P{&-X^) 



+ 2b':%{V„Xn{VfxhiVn^) + Ab'^^,{V„Xn{V^X'^){V0X% 



+ 2b'ff\v'x^) + b\;j{v'^x'){v„x^) + b\^>{v^y){v'^x^), 



(B.5b) 



Ill 



fad = [hf^G^a\ + hf\v„^\^) + bif )(I?«c«A^) + hf^l{V^X^){Vo.~X^), (B.5c) 
£l=[hf\v^\% (B.5d) 
£A=[b^P]. (B.5e) 
Summary 

The results of the previous two Sections can be used to determine the T coefficients defined by 
(Ar-A^)(A^-Af,)l^ 

= j (fzE-^Cj'{<jJ^o + {V'^(T)Ta + {V^CJ)T2 + {V'^^Cj)Taa 

+ (C„d25«a):^3« + (D„A25««c7):^4}, (B.6) 

by expanding the Weyl and beta contribution in terms of derivatives on A and A, keeping in mind 
that the h coefRcients and beta functions are functions of A and A in general, so it holds 

6 = &(A,A), (B.7a) 

V^b^{V^\''){dkh), (B.7b) 

p«6= (p«A^)(afc6), (B.7c) 

V^^b = {V^^\^){dkb) + (2?„AA^)(afe6), (B.Td) 
= (5"I?adA'=)(5fc&) + (P„^A'=)(P"P")(a,-afc6) 

+ (P«P«dA^)(5fc6) + (P«AA^)(P«P)(aj5fe6), (B.7c) 
= (I?"«DadA'=)(9fc6) + (2?"«D„aA^)(afe6) 
+(P««A'=)(©„AA')(5i9fc6) 
+2(P««A'=)(7?„^A')(afc5,6) 

+(P««A^)(P„AA')(afea,6) (B.7f) 

and similarly for /?'. This yields 

+ [{V^^V"\'){d,P') + (I?"A^)(I?„«A'=)(afea,/?^) (B.Sa) 

+ [(i?""i?„AA'^)(afc/3*) + (v'-^v^^\^){d0') 
+ {v'-'^\^){v^^\^){djd0')]£l 

J'a=Cc.+ I3'£l, + 2{V^\^){d,(3')£i 

(B.8b) 
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(B.8d) 



^2=C2+/3^f^, (B.8c) 

+ 2{V^^\^){dkl3')£l + 2{V^^\''){d-kl3')£l 

Tl=Cl+p'£r, (B.8e) 

^4 = C4 + P'£l- (B.Sf) 

C CoefRcient Consistency Equations 

Consistency equation (9.35c) yields 

26(^) - 2fe(-°) + 0P - i?h[^^ = 0. (C.l) 
From consistency equation (9.35d) one obtains 

^b'^^^ +b^^^ ^0, (C.2a) 



+ {djp^)b^'^ + 2(c'j5(^)) + - 26f' - 2^/3^55°' = 0, 

+ {djP')b^P + 2(9^6(^)) + {djbf^)l3' - 2bf^ + 2i0f^ = 0, 

+ bfn^ + ^{^,bf^) - (aA?^)/3' = 0. 



(C.2b) 



(C.2c) 



(C.2d) 

fcji ^ \ J I J ^ J ik 

The following sets of equations have to be augmented by their complex conjugates. From consis- 
tency condition (9.35a) one gets 

_ 26(^) + + + 26(^) - P'bf^ = 0, (C.3a) 



- 26f ) + 2/3'5|f' + bf\d,P') + i(9,6(^)) 
+ 2(9,6(^)) - /3''(9,for') + fe^f^/S' - 0, 

26p+6f)(a,/3') + i(a,5('5)) 

+ 6f)-/3'(a,6f)) + 8/3^6if =0, 



(C.3b) 



(C.3c) 



i5f ) - f ) + p^bf + bf^ 4/3^5|f + (9,6(^)) - 6f + zfef ) ^ 0, (C.3d) 
|5p - ^bf + MP^b^^ + §6p + ifof ) + i/3^6lf ) = 0, (C.3e) 



+ |(a,fep - za,6f' ) + f (9s/3^)&if' + f (9s6!f ^)/3' = 0, 



(C.3g) 
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26.f + b%\d,p^) + \{d,bP) - I3\d,b%'^) + \bf + 15^/?'= = 0, (C.3i) 

•^bfi + 4/3^foS + foif?(a,/3^) + \d,b[V - ^id,llSh = 0, (C.3j) 

- f + 2/3'C + ^S'(^^/5') + 3k) 

- /3'(5fc6g') + i(5.6i^^) + |6L7(5,/3') + |(5,C^)/3' = 0, 



while consistency equation (9.35c) yields 



f3\diU^^) - P\dib^^'>) = 0, (C.4a) 
P^diU^^) - P\dib'-^^) = 0, (C.4b) 
- SU^^ + l3\diU^^) - 36(^) - p\dib^'^'^) = 0, (C.4c) 



- |/3'6p) + /3'(9z6(^)) + - 6(^)) + ^Jhf^ - p\djb^^^) = 0, 

+ 8/3'&Jf' + /3'(a,6p^) + b^P + 26f ) - 0bp - 0^{djbP^) = 0, 
-3-bP+2^p'^^^+P\^^bf^)-bf^ 

+ 29,6(5) + 26f) + 26f ) + 6f") - 9,(^(5) + 45(5)) ^_ ^/a,6p) 



(C.4d) 



(C.4e) 



(C.4f) 



+ 20,p + 2;3'9.6p) + /3'(a,6f )) + i6f ) - 6^ ) - bf^ (C.4g) 
+ 6f)-;3'6f -4/3'6(f)-/3'(a,6f)) = 0, 

z9,(6(5) _ 6(-^)) + i6(^)a,/3' - i/?'9,6(^) + /?'(5r6f ^) - bf^ ~ 2^bf^ 

- z9,(6(5) - 6(^)) - 2z6f ) - 2*^'6[f ) - 4^'6if ) + 8t0^p (C.4h) 

- lbf ^d,(3' + 0dibf ^ - B\dibf^) = 0, 

- ^bf^) + d^b^""^ - + i/3'5,6(^") + fb^d^p' + P^id^W^) 

_ 5f ) + 1 (fo(^) + )) _ 26f ) - 9,6(5) _ 2,^r5(o) + g^r^,!^) (c.4i) 

, laluiM) Ira^M) UiF^di) 



2 



/3'6^"^ - i/?'a.6^^^ - \b\^>d,P^ - p\djbY') - 0, 
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+ 2d,{bf^ + bf^ + fb['^) - - 2d,dfb(^'> - 2d,bp 

+ 2p'dj/ip + f3'd.d,bf'> + p\dib^^) + 2&i7) + 2b\f - 0b^j (C.4j) 
+ 20bf^-P\djb^^) = O, 

+ 0%djbf^ + 16/3'a,6if - 4/?'6g' + /3'(9,6(f )) + 36(f) (C.4k) 
-m^lf ) = 0, 

ia,6f ) + d~hP + a,6f ) + 6(f) - 2z6(f ) + 2z6(f ) - 86(f) 
- 2dibf'^ + p'diV-^^ + 8/3'6(J) - 2z/3'6g) + ?>l3'dib\p 

+ mi'i^) + ) - 9,6^) - a,6f ) - 6(f) - 2^6(f ) (C.41) 

+ 2i6(f ) + 86(f) + 2^6f ) - ^^6(f ) - 80^bg - 2A^Pg 
-0d,b\P -p\djbf)=Q, 



- 2.6(f) - la.(6f ) - .6f )) - ia,(6f ) - .6f )) + 2a.a,6(-) 

- 2z/?'6(;) + i6(f )a./3' + )^/3' - \m[f - hP'dAP 

+ (3'd,d,bf^ + Ppd.djP' + /3'(ar6(f )) - 6(f) - 2z6(f ) 
+ ia,(6f ) + z6f )) + i9j(6(') + ibf^) - 25,a,-6(^) 

- - - ^r^^/?' + i/3'a.6^) + i/3'c%6(f ) 

- /?'aia,-6('") - bf^didjp' - I3\dibf^) = 0, 

- i9,(6f ) - ^6p)) + a,9,6(^) + i6(f )a./5' - \l3^d.b\f^ 



2 



/3'9.a,6f") + i6(^")9,9,/3' + fi\dibf) 26(f) + ia,(6f ) + z6f )) 



(C.4m) 



(C.4n) 



- 6(f - a.a,6(^) - 2z/3'6(J) + 4/3'6g) - i6(f )a.^' + i^^,6if ) 

- \0did^bf^ - i6f)a,a,/3' - /3'(5,-6(f )) = 0, 

ta.6f ) + 26(f) + 8z6(f - i(i6(f ) - i6(f ) - z6(f )) + 2^^J>f^ 

+ - S^P^^S - »^^'d4P - i/3'6g) + (a.6(f )) + 16(f) (C.4o) 

- - i^r^ + 2/3'6(|) + + m-b^') 

- - \d-bP - i6(f ) + 2/3'6g) + 2/3'a,6(f ) 
+ /3'6(f ) + /3'(5,6(f )) + 36(f) - ^'(a^6(f )) = 0, 
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+ 4/3'(6|3 + + 2/3'a.a,5|f ' + (3^8^ - 20^1^^ (C.4r) 
+ + 26^5 + ^b^i + ) + la^^i/) - 2/?!^^^ (C.4s) 

^^'(a,6(J)-m6g) = o, 



ijkV k\ iji 2 ijl ' 4 k I zj k rnlij 



(C.4t) 



jik ' 2^^^2" kj 2"kj ' kj I ' ""^k^ij r "k"iij 

+ ^"'idrr.b^l) - 9ki-2b^^ - i&iP) + \dk9ib^^ - ^~nb% (C.4u) 



(C.4v) 



D Minimal Algebra on Chiral Fields 

The following follows from the superalgebra for a chiral (A) or antichiral (A) scalar superfield. 
Although trivial, these special cases occur sufficiently frequent to earn explicit treatment, 





(D.la 


P"X»„dA = Pad2?°A - 2iG„dP"A, 


(D.lb 


VVcaX = 2iRD^X, 


(D.lc 


{V^&X) = 4(G„A - W^^){V"X), 


(D.ld 


{V"V'^X) = 4R{V"X), 


(D.le 


(D^D„A) = -2E(D„A), 


(D.lf 


{V'^Vc.X) = 4R{Vc,X), 


(D.lg 


Vo,{V^X){VpX) = -{V^X){VX), 


(D.lh 


{V'^V^^X) = [V^^V'^X) ~ 2iGj'{V^X), 


(D.li 


{V"Vo,aX) = -2iR{VaX), 


(D-lj 


(V^^V^X) = 4(G„A + iV^^XVX), 


(D.Ik 


(VaVffX) = ^Sa0{V^X), 


(D.ll 
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{V"VaaV"X) = -2iV°"^Va&X + 2iRV^X + 4G„d2?""A. (D.lm) 

Weyl variations for derivatives acting on chiral fields of Weyl weight are given by 

6'[X] = 0, (D.2a) 

S' [V°'X] = (iff' - a')V°'X, (D.2b) 

6'[V^^X] - -^{a' + a')V^a.X- ^(V^a')V^X, (D.2c) 

6' [V'^X] = {a' - 2a')V^X + 2{V''a')VaX, (D.2d) 

S' [f>^X] = (ct' - 2a')&X + 2{t>aa')t>°\ (D.2e) 

6'[V^a~X] ^-\{a' + a')V^^X~ ^{V^a')V^X, (D.2f) 

+{{V"a')'D^X + (P<ia')2?""A 

+i(I?""a')PdA, (D.2g) 
,5'[l?""I?aA] = -fa'I?""I?aA+ i(I?""a')I?aA 
-|(5"a-')X>2A + iVa,<j')V"°X 

+\{V°"^<j')V^X. (D.2h) 
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